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Brownian motion
Definition
W is a Brownian motion for (Q, F, P, (F(t)>0) if
e W is a continuous process, W: Q — C(Rsg), such that
e W is adapted, i.e. W; is Fi-measurable, t > 0,
e W starts from 0, i,e. Wy =0 ass,,

e the increments are gaussian, precisely W; — Ws ~ N(0, t — s),
0<s<t,

e the increments are independent from the past history, i.e. W, — W,
is independent of F5, 0 < s < t.

Piecewise linear approximation

Choose A > 0 and the consider the discrete process

Zy = AY2(Woa — Wip—1)a), n=1,2,.... Then Z, is a gaussian white
noise. The Brownian motion is approzimated by a piecewise linear
interpolation of a suiably scaled random walk.

Texbook

e The course is based on (part of) Chapters 4 to 6 of the textbook by
Steven S Shreve Stochastic Calculus for Finance Il Continuous-Time
Models 2nd ed 2004 Springer.

e Prerequisite are Martingale and Brownian motion covered in the
previous lectures and in Chapters 1 to 3 of the Shreve's textbook.

e In Shrive's textbook the mathematical treatment is essentialy
rigorous, but most of the proofs are actually skipped in favor of the
computations and their financial meaning. Such missing details are
to be found in other textbooks, see the list in §4.9.

Properties of W
Theorem
Letty=0< t; < --- < t, be a partition of the times.

e The random variables Wy, (Wy, — Wh,), ... (W, — W, _,) are
independent.

The vector (Wy,, ..., W,,) has density

P(}’1,~~7yn)—(27r) 2H(yf Yi— 1 2exp Z(yfj -ytj 1)

Jj=1 = G-t

W is a Markov process with kernel

k) = oo (-3 L)

e W is a martingale.

(W2 — t)¢>0 is a martingale.



lto integral of the simple process A(t) =

Continuous L2 martingales

Definition
A continuous process M is an L% martingale if

1. E(M?) < 400, and
2. E(Mi|Fs)=M;, 0<s<t.
Theorem
Let M,, n=1,2,... be a sequence of L% continuous martingales.Let T

be a finite horizon and assume that the L2 limit of M,(T) exists, i.e.
there exists a random variable M such that

. _ 2 _
lim E ((Mo(T) = M)?) =0.
Then there exist an L? continuous martingale M;, t € [0, T such that

lim E (suprefo,71(Ma(t) — M)?) = 0.

e For A(t) = Yi(t1 < t), define the lto integral

fort <t
/ Als)dW(s) = {Y (W(t) = W(t)) for ts <t
= Yi(W(t) - W(tAt))

e The lto integral is a continuous martingale

E (/OtA(u)dW(u)

e The lto integral is isometric

E ((/OtA(u)dW(u)>2> =E (/otA2(u)du) .

e The quadratic variation of the Ito integral is fot A?(s)ds.

]—"(s)) - /OSA(u)dW(u), s<t.

Yi(t; <t),t>0

Simple processes

e W is a Brownian motion for (Q, F, P, (F(t)t>0)-

e An adapted process A is of class L? if

;
E </ A2(t)dt) < +oo forall T > 0.
0

e The set of adapted processes A of class L? is a vector space.

e If Yy is F(t;) measurable and E (Y?) < +o0, then the process

A(t) = Yi(t1 < t) is adapted and of class L2. A finite sum of such
processes is a simple process:

n

A() =3 V(g < o).

e All trajectory of a simple process are pure jumps and

right-continuous. If we order the t;'s in increasing order,
t1<th<--<tpand t; <t <t then Ay =>"_ Y,

Ito integral of a simple process A

e For A(t) = 2_7:1 Y;j(tj < t), define the [to integral by linearity. If
the interval [0, t] contains the jumps 0 < t; < ---t, < t,

[ aawis) - Z VW) - Wt A )

m

= Yi(W(t) - W(t))

Jj=

_

m

D ViDL Witin) - W(t)
i=j+1

Jj=1

Z W(t,+1 W(ti))

e The lto integral is a continuous martingale.
e The lto integral is isometric.

e The quadratic variation of the lto integral is fot A?(s)ds.



lto integral of an L2 process

e If Ais a process of class L2, there exists a sequence A,
n=1,2,... of simple processes such that

lim E (/0 |A(u) —A,,(u)|2du) = 0.

e The lto integral of a process of class L? is defined by continuity.

e The lto integral is a linear operator mapping L? processes into
continuous martingale.

e The lto integral is isometric.

e The quadratic variation of the Ito integral is

[/Adw} (t) = /OtA2(u)du

lto-Doeblin formula
Definition (Ito process)

An [to process is a process of the form

X(t) = / A(s)dW(s) + / O(s)ds.

Theorem (Ito-Doeblin formula for the Brownian Motion)
If

o fe CH3(Ry,R?) and
f.(t, W(t)), t >0, is an L% process,

then f(t, W(t)), t >0, is an Ito process, and

f(t, W(t)) = (0, W(0)) + /t fi(s, W(s))ds+

t

! 1
/0 fi(s, W(s))dW(s) + 5/0 fi(s, W(s))ds.

Continuous martingales

If M is a continuous bounded martingale, the computation
M?(t) — M?(s) = ZMz(tj)* M?(tj-1)
= 22/\/7(@71)(/\/’(9) = M(t-1)) + Y (M(t)
j=1 j=1
produces the decomposition

M?(t) = /\//2(0)+2/0 M(u)dM(u) + [M] (t)

and, for an lto integral,

- M(tj-1))*

(/OtAdW> — 2/ot (/OSA(u)dW(u)> dW/(s) +/OtA2(5)ds

Proof of Ito-Doeblin formula |

We writefor 0 <s<t< T
/ A(u)dW(u) :/0 A(u)dW(u) - /OSA(u)dW(u)
_ /OT(S < u< OAW)dW(u).

In particular,

(W(t) = W(s))? = W(t)* — W(s)* — 2W(s)(W(t) — W(s))

= 2/ W (u)dW () + (t — s) — 2W(s)(W(t) — W(s))

:(t—s)+2/ (W(u) — W(s))dW/(u)



Proof of Ito-Doeblin formula Il
The Taylor formula of order 1,2 for f gives
f(t, W(t)) — f(s, W(s)) =fi(s, W(s))(t — 5)
(s, W(s))(W(t) — W(s))
£ fuls, W((W(E) — W(s))?

+R1,2(57 t, W(S)7 W(t))
(s, W(s))(t - 5)
+hi(s, W(s))(W(t) — W(s))

—F%fxx(s7 W(s))(t —s)

il W) [ (W) = W(s)aw(w)

+Ria(s, t, W(s), W(t))

Summing over a partition, the first tree term go to the Ito formula, the
last two terms go to zero.

Ito-Doeblin formula: Applications ||
e We can take the Hermite polynomials

2d" 2
2

dy

Holy) = (~1)"%

ne 2z
to obtain the Hermite martingales
t n 1
l\/l,,(t):/ u? Hy(u= 2 W(u))dW ().
0

[Hint: the n-th derivative of yg(y) is yg("(y) + ng("1(y)]
o As H'(y) = nH,_1(y), if f,(t,x) = t"/2H,(t"1/2x), the x-derivative
is

%fn(t,x) — B H (7 2%) = nfy 1 (¢, %),

and we have the iterated lto integrals

Ma(t) = /0 M, 1 (u)dW ().

Ito-Doeblin formula: Applications |

The process f(t, W(t)) is a martingale if fio(t,x) + 3fo2(t, x) = 0.

Let Hp(x) be a polynomial of degree n and define
f(t,x) = t"2H,(t~*/?x). We have

1
Lot x) = "7 (S Ha(t720) = ZHy(E7/2x)),

for(t,x) = t"27TH! (¢71/2x).
The martingale condition is satified if

nHa(y) — yHn(y) + Hy (y) = 0.

lto processes

For an Ito process X(t) = Xo + M(t) + A(t), t > 0, the integral is
defined by approximation on simple processes.

The M part and the A part behave differenthy when the quadratic
variation is considered.

X3(t) = X?(0) + 2/0 X(s)dX(s) + [M](t) =
X2 42 /0 X(s)A(s)dW(s) + 2 /O X(s)O(s)ds + /o A%(s)ds

The quadratic variation of X and the quadratic variation of M are
equal.



Ito-Doebin for Ito process

Theorem (Ito-Doeblin formula for the Ito process)
If

o fe C'2(R,,R),
e X is a Ito process with dX(t) = A(t)dW(t) + ©(t)dt,
o f(t,X(t))A(t), t >0, is an L? process,

then f(t, X(t)), t >0, is an lto process, and

F(t, X(t)) =

FOXO)+ [ ls X()ds+ [

t

= 1‘(0,X(0))+/o ft(s,X(s))der/0 f(s, X(s))A(s)dW(s)
+ /0 fx(s,X(s))e(s)dH% /0 s, X(5))A%(s)ds

Vasicek interest rate model, Example 4.4.10

The solution of the stochastic differential equation SDE
dR(t) = (o — BR(t))dt + odW (1)
is an Ito process. As an equation, it has the form
dR(t) = —BR(t)dt + d(at + o W(t)),

that is it is a linear equation dR(t) = —BR(t)dt + dX(t), forced by the
Brownian motion with drift X(t) = St + cW(t). From the Ito formula,

d(ePtR(t)) = BePtR(t)dt + ePtdR(t) = e’ dX(t).

The solution is .
eﬂfR(t):R(O)Jr/ ePtdX(t).
0

fx(s,X(s))dX(s)—i-%/O foc(s, X(s5))d[X](s)

Geometric Brownian Motion

The process f(t, W(t)) is a martingale if fio(t,x) + 1fp(t,x) = 0, for
example

f(t,x) = exp <0X - ;0215) .
In such a case f(0,0) =1 and
for(t, x) = 0f(t, x).

Definition (Geometric Brownian motion)
The process X (t) = exp (AW(t) — 16°t) is a positive martingale and

X(t) =1+ O/OtX(u)dW(u)

More generally, the process X(t) = exp (fot O(u)dW(u) — 3 €} 92(u)du)
is a positive martingale and dX(t) = 6(t)X(t)dW(t).

Cox-Ingersoll-Ross interest rate model, Example 4.4.11

The solution of the non linear SDE
dR(t) = (a — BR(t))dt + \/R(t)odW(t)
is an Ito process. We can write
dR(t) = —BR(t)dt + (adt + \/R(t)odW(t)) = —BR(t)dt + dY(t),
which suggests to compute

d(e”*R(t)) = BePtR(t) + e’tdR(t)
= Ptadt + Pta\/R(t)dW(t).

The expected value is computable. Same for the second moment.



Black-Scholes-Merton equation, §4.5 |

Portfolio value X(t)
Stock value dS(t) = aS(t)dt + oS(t)dW(t)
Share A(t)
Share value A(t)S(t)
Differential portfolio value dX(t) = A(t)dS(t) + r(X(t) — A(t)S(t))dt
We have

d(e™"S5(t)) = (o — r)e " S(t)dt + oe " S(t)dW(t)
d(e™"X(t)) = A(t)d(e”"S(t))

Black-Scholes-Merton equation, §4.5 IlI
and, substituting the differentials

dS(t) = aS(t)dt + oS(t)dW(t)
d[S](t) = 02 S?(t)dt

we get

d(e " c(t,S(t))) =e " (—rc(t, S(t)) + cio(t, S(t)))dt
+e "eor(t, S(t))(aS(t)dt + oS(t)dW(t))

+ %e_“cog(t, S(£))02S2(t)dt

Now we look for an equation for ¢(t, x) such that
d(e™"X(t)) = d(e”"c(t, 5(t)))
We are comparing two Ito process. Forst we equate the martingale terms

e "eoi(t, S(t))oS(t)dW(t) = e "A(t)oS(t)dW (t).

Black-Scholes-Merton equation, §4.5 Il

let us assume that the the call at time ¢ is a function of stock value S(t),
c(t, S(t)) and let us compute the differential of the discounted call
e~ "¢(t,x) by the Ito-Doeblin forlula. From

%e_”c(t7 x) = e "(—rc(t,x) + cio(t, x))

90 _ —r
C "e(t,x) = e "cor(t, x)

Oe~"c(t,x)

B e "cpa(t, x)

we obtain
d(e™"c(t,S(t))) =e " (—rc(t, S(t)) + cro(t, S(t)))dt
+e "o (t, S(t))dS(t) + %e*”cw(t, S(1)d[S](¢)

Black-Scholes-Merton equation, §4.5 IV

The equality is true if
A(t) = cor(t, S(t)).

e "cor(t, S(t)) (o — r)S(t)dt =
et (—rc(t, S(t))+cio(t, S(t))+cor(t, S(t))aS(t)+coa(t, S(t))o?S3(t))dt

The equality follows if ¢(t, x) satisfies the BSM equation

0 0 1,,0
— = € | >
< t—l—rx X+2ax X) c(t,x) =rc(t,x), tel0,T],x>0,

together with a suitable boudary condition e.g.,

o(T,x)=(x—K)".



Multiple Brownian Motion |

Definition (Multiple Brownian motion)

On (Q, F,P,(F(t))e>0), a d-dimensional Brownian motion is a process
W(t) = (Wi(t),..., Wy(t)), t>0

where
1. each W, is a BM for F(t), t >0,
2. Wi,..., Wy are independent,
3. W(t) — W(s) is independent of F(s), s < t.

Theorem (Quadratic variation of the d-dim BM)

W(t) ® W(t) = /Ot W(s)®dW(s)+/0tdW(s)® W(s) + lat,

Example d = 2 and proof

Wl(t)
Wz(t)

w0 wo =[]« (i3] -

In the case d =2, W(t) = { } and the terms expand as follows.

{ WE(t) Wl(t)Wz(t)]
Wa(t)Wi(t) W2(t).

woreaw = [5]e [its] - (o) Wit

dW(s)@W(t) = {dWI(S)}

) [Wl(s)} _ [dwl(S)Wl(S) dWl(S)W2(S)}

Wao(s)|

&

In particular,
Wa(£)Wa(t) = /0 Wa(s)dWs(s) + /0 W (s)dWA(s)

Proof: b@b—a®a=a®(b—a)+(b—a)®a+(b—a)®(b—a).

W2(S)dW1(S) Wz(t)dWQ(S) ’

sz(S) W1(S) dW2(t) WQ(S) ’

Multiple Brownian Motion Il

where: a® b= ab’ = [aibj]iz1,..aje1,..d | = [0 jlim1,..dije1,....d-

Multivariate Taylor formula
For f € CY?(R,,R?) the Taylor approximation of the increment from
(S7X) = (57X17X2) to (t7)/) = (tvyla}/Z) is

f(t,y1,y2) — f(s,x1, %) =
fioo(s, x1, %) (t — s) + foro(s, x1, x2)(y1 — x1) + foor (s, x1, x2)(y2 — x2)+

1 1
51(020(5, x1,x2)(y1—x1)?+ o1 (s, x1, X2)(}’1—X1)(y2—X2)+§foo2(5, X1, X2)(y2—x2)+

Ry(s, t, x, y),
or, in vector form,
f(t,y) = f(s,x) =
(s, x)(t — s) + fi(s, x)(y — x) + %fxx(s,x) o(y —x)%24+
Ro(s, t, x, y),

where f, is the gradient row vector, f,, is the Hessian matrix, Ae B is the
scalar product of matrices.



Multivariate lto process Multi-dimensional Ito-Doeblin formula

o o Theorem
Definition (Multivariate Ito process) I

An [Ito process is a process of the form e f e C12(R,,RY)

e X is a Ito process with dX(t) = A(t)dW(t) + O(t)dt,

o f(t, X(t))A(t), t >0, is an L? process,

where X and_ (C] are vectors of the same dimension and A is a matrix of then f(t, X(t)), t > 0, is an Ito process, and
the proper dimensions.

X(t) :X(O)+/o A(s)dW(s)—F/0 O(s)ds,

F(t, X(1)) =

(0, X(0))+ /0 fi(s, X(s))ds-+ /0 fu(s, X())dX(s)+ /0 Fux(5. X(5))0d[X](s)

Theorem (Quadratic variation of X)

X(t)®X(t):/tX(s)®dX(5)+/tdX(s)®X(s)+/tA(s)oA(s)ds, . . _ _
0 0 0 Notation: £(t,x) = £f(t,x), f(t,x) is the row gradient vector
where Ao B = ABT is the matrix whose i, j element is the scalar product {a%lf(tv Xtyooos Xd) oo a%df(t» Xty ,Xd)] fex(t, x) is the Hessian
of the i row of A and the j row of B. matrix [%;Xjf(t, Xqye e 7xd)] et d A e B is the matrix scalar
product.

lto-Doeblin formula for d = 2 Applications

Example The product of two Ito processes Xi(t)X(t) is the function
. {Xm(t)} B [All(s)dWﬂs) + A12(s)dW2(5)} N [el(s)ds] f(x) = x1x2 of the vector Ito process (t) = (X1(t), X2(t). Note that the

dXo(t)| = | Ag1(s)dWi(s) + Aga(s)dWs(s) Oy(s)ds Hessian has zero diagonal elements while the other two elements are 1. If
the Ito process depend on a d-dimensional BM,
o d[X](t) = A(t) o A(t)dt =

|:A11(t)A11(t) + Alg(t)Alg(t) An(t)Agl(t) + AlQ(t)AQQ(t):| dt d
d(X1(t)Xa(t)) = Xe(t)dXa(t) + dX1(t) Xa(t) + Z Aqj(t)Ag(t)dt.

simmetric! A1 (1) A (t) + Ax(t)Ana(t)
j=1
o fi(t,x) = fioo(t, x1, x2).
o fi(t,x) = [foro(t, x1,x2)  foor(t, x1,x2)].bf Theorem (Lévy theorem d = 1)
gif(tj X1, X2) %f(t, X1, X2) A continuous L? martingale whose quadratic variation is t is a Brownian
o fx(t,x) = cimmetricl Xﬁq(t x1, %) motion
. x> ) 9

o L (t,x) e A(t)o A(t) = Theorem (Lévy theorem for generic dimension d)

%(%fl(f’ X1, X2) (A%(t) + A%z(t)) + 78)(?;)(2 f(t, x1, x2)An1(t) Az (t) + A cont{nuqus L? mu/t_ivariate_martingale whose quadratic variation is It is

A (t)Ax(t) + %%(t, X1,X2) (A%l(t) + Aé(t)) a multivariate Brownian motion.

Proof Compute the moment generating function with the Ito formula.



