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Continuous L2 martingales
Definition
A continuous process M is an L? martingale if
1. E(M2) < +o0, and
2. E(M{|Fs)=M,, 0<s<t.
Theorem
Let M,, n=1,2,... be a sequence of L? continuous martingales.Let T

be a finite horizon and assume that the L? limit of M,(T) exists, i.e.
there exists a random variable M such that

lim E ((Ma(T)— M)?) =0.

n— o0

Then there exist an L? continuous martingale M, t € [0, T| such that

n'LrQOE (SUPte[o,T](Mn(t) - Mt)2) =0.



Simple processes
W is a Brownian motion for (2, F, P, (F(t)e>0)).

An adapted process A is of class L? if
T
E (/ A2(t)dt> < +oo forall T > 0.
0

The set of adapted processes A of class L? is a vector space.

If Yy is F(t1) measurable and E (Y) < 400, then the process
A(t) = Yi(t1 < t) is adapted and of class L2. A finite sum of such
processes is a simple process:

AR =3 V(< 1)
j=1

All trajectory of a simple process are pure jumps and
right-continuous. If we order the t;'s in increasing order,

t<ty<--<tyand tj <t <t then Ay =Y Vi



Ito integral of the simple process A(t) = Yi(t; <t), t >0
e For A(t) = Yi(t1 < t), define the lto integral

¢ 0 fort < t;
/0 A(s)dW(s) = {YI(W(t) - W(t)) forty <t

= Yi(W(t) — W(tAty))

e The Ito integral is a continuous martingale

E (/OtA(u)dW(u)

]—"(s)) - /OSA(u)dW(u), s<t.

e The Ito integral is isometric

E <</OtA(u)dW(u))2> =E </0tA2(u)du> .

e The quadratic variation of the Ito integral is fot A?(s)ds.



Ito integral of a simple process A

o For A(t) = Y7, Yj(t; < t), define the Ito integral by linearity. If
the interval [0, t] contains the jumps 0 < t; < ---t, < t,

/Ot A(s)dW(s) = Z Y(W(t) = W(tAt)

-,
Il
=

Yi(W(t) — W(y))

I
Ms

.
Il
=

I
Ms

V(S Wlt) - W(t)
=j+1

—.
Il
=

i

A(t)(W(tiyr) — W(L))

I
.Ms

Il
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e The Ito integral is a continuous martingale.
e The Ito integral is isometric.

e The quadratic variation of the lto integral is fot A?(s)ds.



lto integral of an L? process

If A is a process of class L2, there exists a sequence A,
n=1,2,... of simple processes such that

.
lim E (/0 |A(u) — A,,(u)|2du> =0.

The Ito integral of a process of class L2 is defined by continuity.

The Ito integral is a linear operator mapping L2 processes into
continuous martingale.

The Ito integral is isometric.

The quadratic variation of the lto integral is

[/AdW] (t) = /OtA2(u)du



Continuous martingales

If M is a continuous bounded martingale, the computation
M) - )= 3 M) )

—ZzM i-)(M(t) — M(t-1)) + > (M(t;) — M(tj-1))?

produces the decomposition
t
M?(t) = M?(0) +2/ M(u)dM(u) + [M] (¢)
0

and, for an lto integral,

(/OtAdW> - 2/; </OSA(u)dW(u)> dW(s) +/OtA2(s)ds



lto-Doeblin formula
Definition (lto process)

An Ito process is a process of the form
/ A(s)dW(s / O(s

Theorem (Ito-Doeblin formula for the Brownian Motion)
If

o fe CL2(R,,R?) and
o f(t,W(t)), t >0, is an L? process,

then f(t, W(t)), t > 0, is an lto process, and
t
F(e W(e) = (0. W(0) + | s, W(s))ds
0

t 1 t
/0 (s, W(s))dW(s) + 5/0 fx(s, W(s))ds.



Proof of Ito-Doeblin formula |

We write for0<s<t< T

/AdW /AdW

- [ 2w
:A(s<u<ﬂ (u)dW (u).
In particular,

(W(t) = W(s))? = W(t)* = W(s)* = 2W(s)(W(t) — W(s))
—2/‘W AW (u) + (t — s) — 2W(s)(W(t) — W(s))

—(t-s)+2 / (W) — W(s))dW(u)



Proof of Ito-Doeblin formula Il

The Taylor formula of order 1,2 for f gives

(s, W(s)) / (W(u) — W(s))dW(u)
+Ri(s, t, W(s), W(t))

Summing over a partition, the first tree term go to the Ito formula, the
last two terms go to zero.



Ito-Doeblin formula: Applications |

e The process f(t, W(t)) is a martingale if fio(t, x) + 3fo2(t, x) = 0.

e Let H,(x) be a polynomial of degree n and define
f(t,x) = t"?H,(t71/2x). We have

1
Rolt.x) = /271 (S HA(E71/2%) = SH(£7/2)),
foo(t, x) = t">71H)! (t7/%x).

e The martingale condition is satified if

nHa(y) — yH,(v) + H, (y) = 0.



lto-Doeblin formula: Applications Il

e We can take the Hermite polynomials

o d" i
Holy) = (-1)7%e= S

NS

to obtain the Hermite martingales
t n 1
M,,(t):/ ud Ho (™ W(u))dW (u).
0

[Hint: the n-th derivative of yg(y) is yg(™(y) + ng("(y)]

o As H'(y) = nH,_1(y), if fo(t,x) = t"/2H,(t~'/?x), the x-derivative
is

%fn(t, X) = tgi%H,/.,(til/2X) = nf,,_l(t, X)7

and we have the iterated Ito integrals

M, (t) = /0 M, (1) dW (u).



Ito processes

For an Ito process X(t) = Xo + M(t) + A(t), t > 0, the integral is
defined by approximation on simple processes.

The M part and the A part behave differenthy when the quadratic
variation is considered.

X2(t) = X?(0) + 2/tX(s)dX(s) + [M](t) =
0
X02+2/0 X(s)A(s)dW(s)+2/0 X(s)@(s)ds+/0 A%(s)ds

The quadratic variation of X and the quadratic variation of M are
equal.



lto-Doebin for Ito process

Theorem (Ito-Doeblin formula for the Ito process)
If

o fc C1’2(R+,R),

e X is a Ito process with dX(t) = A(t)dW(t) + ©(t)dt,

o f(t,X(t))A(t), t >0, is an L? process,
then f(t, X(t)), t > 0, is an [to process, and

f(t, X(1)) =

t t 1 t
FOXO)+ [ Al X(6)ds+ | s XK1 [ uls X(DdX(S)
— £(0, X(0)) + / (s, X(s))ds + / (s, X(s))A(s)dW(s)
0 0

—|—/Otfx(s,X(s))@(s)ds+;/o fuc(s, X(5)) A%(s)ds



Geometric Brownian Motion

The process f(t, W(t)) is a martingale if fio(t, x) + 1fp(t,x) = 0, for
example

1
f(t,x) =exp (Gx - 292t) .
In such a case f(0,0) =1 and

fbl(t, X) = Hf(t, X).

Definition (Geometric Brownian motion)
The process X(t) = exp (QW(t) — 26%t) is a positive martingale and

X(t)=1 +0/OtX(u)dW(u)

More generally, the process X(t) = exp (fOtQ(u)dW(u) —1€f 92(u)du)
is a positive martingale and dX(t) = 0(t)X(t)dW/(t).



Vasicek interest rate model, Example 4.4.10

The solution of the stochastic differential equation SDE
dR(t) = (o — BR(t))dt + odW/(t)
is an Ito process. As an equation, it has the form
dR(t) = —BR(t)dt + d(at + o W/(t)),

that is it is a linear equation dR(t) = —BR(t)dt + dX(t), forced by the
Brownian motion with drift X(t) = St + o W(t). From the lto formula,

d(e’*R(t)) = Bt R(t)dt + e *dR(t) = ”tdX(t).

The solution is

e’ R(t) = R(0) + /teﬂth(t).



Cox-Ingersoll-Ross interest rate model, Example 4.4.11

The solution of the non linear SDE
dR(t) = (o — BR(t))dt 4+ /R(t)odW/(t)
is an lto process. We can write
dR(t) = —BR(t)dt + (adt + \/R(t)odW(t)) = —BR(t)dt + dY (t),
which suggests to compute
d(eP*R(t)) = BePR(t) + etdR(t)
= ePtadt + e®to\/R(t)dW(t).

The expected value is computable. Same for the second moment.



Black-Scholes-Merton equation, §4.5 |

Portfolio value X(t)
Stock value dS(t) = aS(t)dt + oS(t)dW(t)
Share A(t)
Share value A(t)S(t)
Differential portfolio value dX(t) = A(t)dS(t) + r(X(t) — A(t)S(t))dt
We have

d(e™"S(t)) = (a— r)e” " S(t)dt + oe” " S(t)dW (t)
d(e™"X(t)) = A(t)d(e"S(t))



Black-Scholes-Merton equation, §4.5 Il

let us assume that the the call at time t is a function of stock value 5(t),
c(t,S(t)) and let us compute the differential of the discounted call
e~ "¢(t,x) by the Ito-Doeblin forlula. From

D ete(t,x) = e~ (ret,x) + en(t, )
8—e*'tc(t, x) =e "coi(t, x)

X
32
ﬁe*’tc(t, x) = e "cpa(t, x)

we obtain
d(e " c(t,S(t))) =e " (—rc(t, S(t)) + cro(t, S(t)))dt
+e "eor(t, S(t))dS(t) + %e_'tcoz(t, S(t))d[S](t)



Black-Scholes-Merton equation, §4.5 Il
and, substituting the differentials
dS(t) = aS(t)dt + oS(t)dW(t)
d[S](t) = o*S?(t)dt
we get

d(e "c(t,S(t))) =e " (—rc(t, S(t)) + cro(t, S(t)))dt
+e "co1(t, S(t))(aS(t)dt + oS(t)dW (t))

+ %e*’tcoz(t, S(t))oS?(t)dt

Now we look for an equation for c(t, x) such that
d(e™"X(t)) = d(e™"c(t, 5(t)))
We are comparing two Ito process. Forst we equate the martingale terms

e "cor(t, S(t))oS(t)dW(t) = e  "A(t)oS(t)dW(¢t).



Black-Scholes-Merton equation, §4.5 IV

The equality is true if
A(t) = cou(t, S(t)).

e "cor(t, S(t)) (o — r)S(t)dt =
e "t (—rc(t, S(t))+co(t, S(t))+cor(t, S(t))aS(t)+coa(t, S(t))o*S?(t))dt

The equality follows if c(t,x) satisfies the BSM equation
d 0 1 0
(8t+r a—k JXZ@X) c(t,x) = rc(t,x), tel0,T],x>0,

together with a suitable boudary condition e.g.,

o(T,x)=(x—K)".



