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Affine space

Given a set M and a real finite dimensional vector space V, Hermann
Weyl considers a displacement or difference mapping

Mx M3 (p,q)—pGeV,

such that
e for each p the mapping s,: M > g — ;ﬁ is 1-to-1 and unto, and
® the parallelogram law, ﬁ + q7 = p7 holds.

In particular, it follows ﬁ + ﬁ = ;% =0.

Weyl's affine space

The structure (M, V, ) is an affine space. The atlas of charts
sp: M — V, p e M, defines an affine manifold. All transition mappings
of the atlas are vector translations.

sqosp_l: Vi sg(p) + v

(p1,q1) is parallel to (p2, g2) if sp,(q1) = Sp,(q2)-



Affine space with a parallel transport

In IG, it is more intrinsic and more natural to allow general parallel
transports and rephrase Weyls's definition. That is, we expand the trivial
bundle M x V into a nontrivial bundle.

Affine space

Let M be a set and B,,, u € M, a family of topological vector spaces
(toplinear spaces). Let (U#), v, u € M be a family of toplinear
isomorphism UY: B, — By, U, Ul = I. Define the difference mapping

S: MxM>3 (v,u)— s, (1) € B,

so that:
1. For each fixed v the mapping p +— s, (1) = S(v, ) is injective
2. Parallelogram law: S(u1, p2) + UkiS(p2, u3) = S(p1, p3)

Parallelogram law with p; = u3 = v and up = p becomes

S(v, p) + UpS(p,v) =0



Affine manifold

Let us compute, where defined, the change-of-origin map s, o s,jl in an
affine space. At p =s,}(w), w € B,, it holds

505, (W) = 5,(p) = 5,(v) + Ulis, (0) = 5.(v) + Ubiw .
The change-of-origin map extends to an affine map.

The affine space provides a family of charts s,: M — B,, v € M, that we
want to use as an atlas.

Affine manifold

Assume that the vector fibers of the affine space (M, (B,),S) are Banach
spaces and assume that for each v, s, M is a neighborhood of 0 in B,,.
Define U, = 5,1 (s,(M)°). Then (Sv,U,v) is a chart on M. The charts
are compatible and the resulting manifold is the affine manifold of the
affine space.



Affine bundle

The specific form of the atlas defining the affine manifold allows
the extension of the same atlas to define an affine bundle.

Affine bundle

Given the affine manifold M, consider the set

{(,v)|w € M,v € B,} (1)
and, for each v define the chart
su(p,v) = (su(p), Upv) € B, x B, (2)

to define the manifold S M. Equivalently, we can say that S M is
a linear bundle with trivialization

St (V) = (o), Uyv) - (3)



Kinematics

Velocity

In an affine manifold, the velocity of a smooth curve t — ~(t) is
the section t — (v(t),%(t)) € S M defined by

i(6) = lim I (s, (1 + B) = sy0((E) - ()

Consider a duality pairing on the fibers of the affine bundle and
define the dual bundle in the standard way.

Gradient
If : M — R, the natural gradient grad ¢ is defined on M with
values in the dual fibers and such that for each smooth curve

%gb(fy(t)) = (grad o(7(1)), ¥(£)))



Exponential affine space
Now M is the convex set of positive probability functions of a finite
sample space. The difference mapping is

q q
S: (p,q) = log —~ — E, {log } € B, = L3(p)
P P
The transports and the dual transports are
UVlru—u—Egfu] , "0 v %v
The parallelogram law holds,

q q r r r r
log— —E {Iog ] +UP (Iog -—E [Iog ] ) =log— —E {Iog ]
p Pl Cp I g ‘I "gq I
The inverse charts are

s;tiue =Rl K (u) =B, [ef] .

For each smooth curve t — ~(t) € A°(Q) the velocity (or score) is

A(t) = & log(1).



Evolution equation

In the duality we have

B[] = (u— B [l A4(0). ) - (5)

The mapping v — u — E, [u] is the gradient mapping of v — E, [u]. It is
a section of the statistical bundle.

For each section F we define the evolution equation 4 = F(v). By
writing 4 = </, we see that the evolution equation in our sense is
equivalent to the Ordinary Differential Equation (ODE) 4 = vF (7).

Given a sub-manifold of A°(2), each fiber S, of the statistical bundle
splits to define the proper sub-statistical bundle.



Transport model
Given positive probability functions p; € A°(21) and pp € A°(), the
transport model with margins p1 and p; is the statistical model

M, p2) = {7 € AQ)V(,+) =, v(+ ) = pa} -
Our sub-manifold is the open transport model

M (u1s p2) = {v € A%(Q) (5 +) = p, () = pa}

Tangent vectors

If t — ~(t) is a smooth curve in the open transport model, then

0= LB, [ = 20 [FO0] = (FX), 300 = (£, -

with 4(t),(X) = E,() [7(¢)|X]. Similarly on the other projection. It
follows that

E o [B(0)IX]1=0 and E,[(8)]¥]=0



ANOVA: definition

Effects

The linear sub-spaces of L2(y) which , respectively, express the
~v-grand-mean, the two ~-simple effects, and the 7-interactions, are

Bo(v) ~

Bi(v) = {foX}fe L5 (M)} (6)
Ba(v) = {fo Y|f € L3(72)},

Bi2(7) = (Bo(7) + B1(7) + B2(7)),

where the orthogonality is computed in the v weight, that is in the
inner product of L2(v), (u, v), =Ey [uv].

Each element of the space By(7y) + Bi(7) + Bz() has the form
u=up+ f(X)+ H(Y), where ug = E, [u] and f, f, are uniquely
defined.



ANOVA: conditions

Conditions
For each v € A(Q) there exist a unique orthogonal splitting

L(7) =R & (Bu(7) + B2(7)) © Bia(7) -
Namely, each u € L?(v) can be written uniquely as
u=up+ (ur + up) +ur2

where ug = E,, [u] and (u1 + u2) is the y-orthogonal projection of u — ug
unto (B1(7y) + Bz(7)). That is

]E'y(t) [u12|X] =0 and E—y(t) [u12| Y] =0



ANOVA splitting of the S-bundle

Let us write the ANOVA decomposition of the statistical bundle as

5yA%(Q2) = (Bi(7) + Ba(7)) ® Bra(7) -

Check

1. Let t — ~y(t) € I°(u1, p2) be a smooth curve with v(0) = . Then
the velocity at v belongs to the interactions, 4(0) € Bya(7).

2. Given any interaction v € Bya(7), the curve t — y(t) = (1 + tv)y
stays in [°(u1, p2) for t in a neighborhood of 0 and v = 4(0).



Statistical Bundle of the Transport Model

Transport Model Bundle

® The TMB with margins p1 and py is the sub-statistical bundle
ST (p, p2) = {(7, V)l € T(pa, p2), By [v|X] = E, [v]Y] = 0} .

® The transport mUY; maps the fiber at 7 to the fiber at 7.

The sub-manifold of the transport model is flat in the mixture geometry
and there is no simple expression of the exponential coordinate.

The splitting of the statistical bundle suggests a mixed parameterization
of A°(Q2). This is a classical topic in the statistics of contingency tables.



Gradient flow of the OT problem

Let us discuss the Optimal Transport OT problem in the framework of
the transport model bundle. Let ¢: Q; x 2, = Q — R be a cost function
and define the expected cost function

C: A(Q2) 5~ E,[]
Gradient

The function v — C(7) restricted to the open transport model
°(u1, p2) has statistical gradient in ST°(p1, u2) given by

gradC: vy cioy =Cc— oy — (C1y + C2y) € 5y7°(101, f12)

Gradient flow
The equation of the gradient flow of C is

¥=—(c—coy—(c1y+ ) = —Cr2



Kantorovitch potential
The gradient mapping grad C(7y) is defined to be the orthogonal

projection of the cost ¢ onto the space of ~y-interactions By (7).
Assume v + cip , extends to all 4 € T'(u1, p2).

Stationary point
If 4 is a zero of the extended gradient map, grad C(%) = 0, then it holds

c(x,y) =co~+ay(x)+c(y), (x,y)€Supp¥ .

We expect any solution t — ~(t) of the gradient flow to converge to a
coupling 7 = lim;—o0 ¥(t) € A(R) such that E5 [c] is the value of the
Kantorovich optimal transport problem.

Kantorovitch Theorem

4 is optimal for the cost c in I'(u1, p2) if, and only if, there exists
potentials u;: ; — R such that

u(x) + ta(y) < clx,y) and  c(x,y) = ui(x) + wa(y)

for all (x,y) € Supp#.



