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Part |
Amari's Information Geometry when

the state space is not finite and the
model in not parametric



In IG the velocity is the score

® (— pygisa curve

e The score 6 — d% log py is an estimating function because
Eg [ 5 log pg] =0
e Fisher-Rao computation:
BV = [ U6 plxi0) n(d)  plxi0) >0
d0 0 d9p ) pLx;

/U Iogp x;0) p(x;0) p(dx) =

= <U—E9[U],delogpo>
0

e U —Ey[U] is the statistical gradient of 6 — Egy [U].

® (f recent work by Ay, Jost, L&, Schwachhofer on measure models



|G is the geometry of the statistical bundle

P is a set of probabilities on a given sample space (2, F)
For each p € P, B, = L}(p)

A statistical bundle is

TP={(p,U)lpeP,Uec By}

We expect the fibers B, to be isomorphic and express a tangent
spaceat pe P

A chart at p op: (g, V) — (55(q),5,(V)) € B, x Bp

S.-i. Amari and M. Kumon. Estimation in the presence of infinitely many nuisance parameters—geometry
of estimating functions.

Ann. Statist., 16(3):1044-1068, 1988

P. Gibilisco and G. Pistone. Connections on non-parametric statistical manifolds by Orlicz space geometry.
IDAQP, 1(2):325-347, 1998

Cf Otto, cf L&



Fibers: B, = L{c"=1) (p)

The exponential space L(°" =1) (p) and the mixture space
[(cosh —1)- (p) are the Orlicz spaces respectively defined by the
conjugate Young functions

(cosh —1)(x) = coshx — 1

with
xy < (cosh —1)(x) + (cosh —1).(y)

The closed unit balls of the exponential and mixture space are,
respectively,

{1l gm0y < 1} {’/(cosh ~D{F(x) p(x)dx 1}
1

{efl<lens. 1} = {&] [ tcosn 1. (e() pix1cs <

B, = {U € L{"=1) (p)|E, [U] = 0} is the dual of
"By = {V € Ll =D+ (p)|E, [V] = 0}



B, is the space of scores
By is exactly the space of scores of Gibbs model through p

Theorem

1. Ue B, iffE,[U] = 0 and E, [(cosh —1)(pU)] < oo for some p > 0

2. U e B, iffE,[U] =0 and the moment generating function
o+ E, [e?Y] is finite in a neighbourhood of 0

3. The Gibbs model 6 — % is defined in a neighborhood of 0 and
30 [*Y]],o =0.

4. The score of the Gibbs model at 0 is < log p9|9:0 =U
This set-up applies to the set P~ of strictly positive densities.

® G. Pistone and C. Sempi. An infinite-dimensional geometric structure on the space of all the probability
measures equivalent to a given one.

Ann. Statist., 23(5):1543-1561, October 1995



(cosh —1) (

Isomorphism of the L p) spaces

Theorem

L(cosh =1) (p) = L(cosh=1) (g) as Banach spaces if 0 — [ p'=%q% du is
finite on an open neighbourhood | of [0,1], i.e. It is an equivalence
relation p — q and we denote by £ (p) the class containing p.

Proof.

Assume U € L(<°" 1) (p) and consider the restrictions to the axes of the
convex function

(s,0) — /eSUpl_‘gq‘9 dp = /exp (sU + 0O log Z) pdu
]

® G. Pistone and C. Sempi. An infinite-dimensional geometric structure on the space of all the probability
measures equivalent to a given one.

Ann. Statist., 23(5):1543-1561, October 1995

® A Cena. Geometric structures on the non-parametric statistical manifold.

PhD thesis, Dottorato in Matematica, Universita di Milano, 2002



Portmanteau theorem

Theorem
The following statements are equivalent for p,q € P~

e gc&(p)

® p—q;

e £(p)=¢(q);

° L(cosh —1) (P) — L(cosh -1) (Q)f

° |og (%) c Lcosh 71(p) N Lcosh 71((7)-

o 1€ L'*(p)and £ € L'*(q) for some e > 0.

® A Cena and G. Pistone. Exponential statistical manifold.
Ann. Inst. Statist. Math., 59(1):27-56, 2007

® M. Santacroce, P. Siri, and B. Trivellato. New results on mixture and exponential models by Orlicz spaces.

Bernoulli, 22(3):1431-1447, 2016



Maximal exponential family

e For each p € P~, the moment generating functional is the positive
lower-semi-continuous convex function G,: B, 3 U — E, [eY] and

e the cumulant generating functional is the non-negative lower
semicontinuous convex function K, = log G,.

e The interior of the proper domain
5, = {U e L(cosh 1) (p)‘cp(u) < +oo}

cosh —1) (

is an open convex set containing the open unit ball of L( p).

e For each p € P, the maximal exponential family at p is

E(p) = {e“_K”(“) ~p‘u € Sp} .

From now on the maximal exponential family of interest is the family of
the Maxwell density on R”, £ (M)



e-chart at p € £ (M)
For each p € £ (M) we define a chart s,: £(M) — S, C B,.
The chart is defined by

5(9) = log (Z) +D(pllq) = log (Z) ~E, [|og (Z)]

The inverse of the chart e;! = s,: S, — £ (M) is

ep(U) =exp (U = Kp(V)) - p
{splp € E(M)} is an affine atlas on £ (M) that defines the
exponential manifold

The information closure of any £ (M) is P». The reverse
information closure of any £ (M) is Ps.

|. Csiszdr and F. Matus. Information projections revisited.
IEEE Trans. Inform. Theory, 49(6):1474-1490, 2003

D. Imparato and B. Trivellato. Geometry of extended exponential models.

In Algebraic and geometric methods in statistics, pages 307-326. Cambridge Univ. Press, Cambridge, 2010



e-chart at (p, U) € TE (M)

A curve t — p(t), p(0) = p in the exponential manifold £ (M) is
expressed in the chart s, as p(t) = eV =Ku(U(®)) . p.

The expression of the velocity at t = 0 is U(0) = < log p(t)]t:0

It follows that the exponential bundle
TE(M)={(p,V)lp € &(M),Ue€ By}

is the expression of the tangent bundle of the exponential manifold

The transition map sp, 0 &, 1 Sp, = Sp, is affine with derivative
‘UR2: By, — By, given by “UR2U = U — E,, [U]

We define an atlas of charts on TE (M) by

O-P(q, V) = (SP(q)anZV)

G. Pistone. Nonparametric information geometry.

In F. Nielsen and F. Barbaresco, editors, Geometric science of information, volume 8085 of Lecture Notes
in Comput. Sci., pages 5-36. Springer, Heidelberg, 2013.

First International Conference, GSI 2013 Paris, France, August 28-30, 2013 Proceedings



Cumulant functional

The r-divergence g — D (p||q) is represented in the chart centered
at p by D (plep(U)) = Kp(U) = log By, [cV].

Kp : Bp = Rx U {400} is convex and its proper domain contains
the open unit ball of B,. It is infinitely Gateaux-differentiable on the
interior S, of its proper domain and analytic on the unit ball of B,,.

For all V, V4, Vb, V3 € B, the first derivatives are:

Ko(U)[V] =Eq[V]
d?> K ( )[4, Va] = Covg (4, Va)
d® Ko(U)[ VA, Vo, V5] = Covg(V4, V2, V3)

G. Pistone and M. Rogantin. The exponential statistical manifold: mean parameters, orthogonality and
space transformations.

Bernoulli, 5(4):721-760, August 1999

A. Cena and G. Pistone. Exponential statistical manifold.
Ann. Inst. Statist. Math., 59(1):27-56, 2007



Pre-dual statistical bundle

Recall L(cosh=1)« (M) is the pre-dual of L{cosh=1) (M)
Define the pre-dual statistical bundle with fibers

*Bp ={V e Llcsh=D- (M)[E, [V] = 0}.

Compute the adjoint of the transport *Uj. For U € B, and
Ve*By,

(FUZU, V), = (U= Eq[U], V), = Eq[UV]
q q
=E, |-UV|=(U,=V) =(U, ULV
g [P } < p >p (UI0Rv),
Define the charts on *TE (M) by

o5(q, W) = (sp(q), "UFW)



Statistical gradient

The score of the curve t — p(t) is a curve in the statistical bundle
t — (p(t), Dp(t)) € TE (M) such that for all X € L(cosh=1)- (M) it
holds

d
22 B0 [XI = (X = Epe) [X], Dp(1))
Dp(t) is the expression in the exponential atlas of the velocity

p(t) _ d
Dp(t) = =% = —| t
p(t) (D) dt og p(t)
The statistical gradient of F: £ (M) — R is a section of the

pre-dual statistical bundle *TE (M), p — (p,grad F(p)) € “*TE (p)
such that for each regular curve

< F(p(t)) = (grad F(p()). Dp(1))

L. Malagd, M. Matteucci, and G. Pistone. Towards the geometry of estimation of distribution algorithms
based on the exponential family.

In Proceedings of the 11th workshop on Foundations of genetic algorithms, FOGA '11, pages 230-242,
New York, NY, USA, 2011. ACM

G. Pistone. Examples of the application of nonparametric information geometry to statistical physics.
Entropy, 15(10):4042-4065, 2013
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An example: computing the
Wasserstein distance

This is an example of the use of the formalism. There is considerable literature, e.g. F. Otto

Unpublished talk at the workshop Computational information geometry for image and signal processing Sep
21st25th, 2015 at ICMS, Edinburgh. Finite state space.

® Unpublished work in progress with Luigi Malago.



Transport plan
(R2" My,) = (R", M,) ® (R", M,,) with projection X and Y

e The marginalization mapping
E(M2n) 3 v = (71,72) € € (Ma) x €(M),
has fibers
T(p1, p2) = {y € € (Man)| Xy = p1, Yy = po}
which are convex subsets

o If t+— ~(t) € M(p1, p2), then

d
IE'y(t) [fOX] = <f oX — Em [f] ) D’Y(t»y(t) =

0=—
dt
(Fo X =By [f1, By (DV()IX)).

By (Dy(0)[X) =0, By (Dy(1)[Y) =0, Dy(t) € By



Splitting of TT (1, )
e Consider subspaces of the ANOVA
By, ={foX|f € By},
By, = {foY|feB,},
*57,12 = (Bv,o + B"/,1 + 87,2)L
e For Ue B,, let U= Uy + U + Uz be a splitting. Then

E, (U~ (Ui + U)|X) =0
E, (U— (U + Up)|Y) =0

e or in terms of transport

n 2
Fun, (0 01X) B, (1

X) Ui + Ep,, (UM Uo|X) =0

B (" UX) B, ("U4]X) + B

X) U, =0



Gradient flow

Given a cost function w: R"” x R” — R, the expected cost function
is W: E(Mpp) > v +— E, [w]. Then the function W restricted to
the open plan (i1, p2) N E (Ma,) has statistical gradient obtained
by the projection of the unconstrained gradient w — E., [w] onto the
the space of interactions 37,12

grad W(v):y—=w—E, [w] —w, —wo
The gradient flow equation is
Dy(t) = —(w—E;y [w] —wiy —way) .

Any solution t — 7(t) of the gradient flow converges to a measure
yx = lime o0 ¥(t), in T(p1, p2) (but not in € (Mzy,)) such that

Eu [w] = min {E, [w]|y € T(u1, 2)}
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Gauss-Orlicz-Sobolev model
spaces

® M. R. Grasselli. Dual connections in nonparametric classical information geometry.
Ann. Inst. Statist. Math., 62(5):873-896, 2010

® B. Lods and G. Pistone. Information geometry formalism for the spatially homogeneous Boltzmann
equation.
Entropy, 17(6):4323-4363, 2015

® D. Brigo and G. Pistone. Projection based dimensionality reduction for measure valued evolution equations
in statistical manifolds.
arXiv:1601.04189, 2016

® D. Brigo and G. Pistone. Eigenfunctions based maximum likelihood estimation of the fokker planck
equation and hellinger projection.
submitted, 2016

® | uigi Montrucchio and GP. Unpublished working paper (2016) based on N. Newton deformed logarithm



Inclusions

Il < a< oo,

Loo(M) C L(coshfl) (M) C La(M) C L(cosh —1). (M) C Ll(M)

. Local inclusions hold, if 1 < a < o0, Qg = {x € R"||x| < R},

L(cosh -1) (M) s LQ(QR)a L(cosh —1). (M) N Ll(QR)

. The Orlicz space L(<°*"=1) (M) contains all functions f € C?(R"; R)
whose Hessian is uniformely bounded in operator’'s norm. In
particular, it contains all polynomials with degree up to 2 and,
moreover, all functions which are bounded by such a polynomial.

. The Orlicz space L(¢°s" =1« (M) contains all random variables
f: RY — R which are bounded by a polynomial, in particular, all
polynomials.



Pointwise density

The space L(<>h=1) (M) is not separable nor reflexive. However, we have
the following monotone class theorem

e For each f € L(ch—=1) (M) there exist a nonnegative function
h € L(csh=1) (M) and a sequence f, € Co(R") with |f,| < h,
n=1,2,..., such that lim,_, f, = f as..

e The space Cy(R") is strongly dense in L(<*h=1D«(M) and it is
weakly*-dense in L{cosh =D (M),

e For each f € L(c*h=1) (M) there exist a nonnegative function
h € L(c°sh=1) (M) and a sequence ¢, € C5°(R") with |f,| < h,
n=1,2,..., such that lim,_, o ¢, = f as..

o The space C5°(R") is strongly dense in L =1« (M) and it is
weakly*-dense in L{cosh =D ().



Orlicz class

Definition
We define the exponential (Orlicz) class, C{<" 1) (/\/l) to be the closure
of Go (R") in the exponential (Orlicz) space L(<h=1) (M).

Theorem
Assume f € L« =1) (M) and write fr(x) = f(x)(|x| > R). The
following conditions are equivalent:

1. The real function p — [(cosh —1)(pf(x)) M(x)dx is finite for all
p>0.

2. f e Ceosh=1(Mm).

3. IImR_H)o ||fR‘ L(cosh —1) (1) =0.

For example (x = [[x||) € LEo =0 (M) \ G~ (M)



Translation models

e We look for statistical models induced by the gromrtry of the state
space. E.g. the n-dimensional model defined by the translation of
p=eU~KmlU) . pmc (M)

2
p(x; h) = p(x — h) = eU(X*h)*KM(U)eh'X*% -M

Em[UX —h)+ h-X] :/U(X—h)l\/l(x) dx =
/U(X)e*h'X*# M(x)dx =Epy {Ueh'xlh;]

p(x; h) = p(x — h) = exp (U — Kua(Un)) - M

with Uy, =m,U+ h- X —Epy [ThU] € By and
Ku(maU) = Ku(U) — 3 |h[?



Translations in L{c°sh=1) (\f)

e For each h € R”, the mapping f — 7,f is linear and bounded from
L(cosh=1) (M) to itself and |||

|h| < \/Tog 2.

e For each f € L(c°"=1) (M) and h € R" we have
mhf € LI =1) (M). For all g € L€ =1+ (M) we have

Licosh —1) (M) <2 ”f‘ L(cosh =1)(pf) if

1|2

(thf &) = F, 78> ThE(X)=e > 7_pg(x) ,

and |h| < V2 implies ||7'iTg||L(cosh71)*(M) < 4||g||1_(cosh71)*(M)-
Moreover, h + T}ig is continuous in L(€osh =1« (M),

o Iffe Cécoshfl) (M) then 7,f € Cécoshfl) (M), heR" and the
mapping R”: h s 74f is continous in L(<h—1) (A7),



Translation by a probability

° |et

X)= [ Fx =) nldy) = £ 4 ()
for pu € Pe, namely Ey, [e%“" } < 0.

e The mapping f ~ 7,f is linear and bounded from L(<°*"~1) (M) to

itself. If, moreover, [ el’/2 ji(dh) < v/2, then its norm is bounded
by 2.

o If f e C" D (M) then 7, f € C{®" ™ (M). The mapping
P: s 7,f is continous at Jp from the weak convergence to the
L(cosh=1) (M) norm.



Mollifiers

e Let be given a family of mollifiers wy € C§°(R"). Let
f e "D (M). For each A > 0 the function

Ty F(x) = / f(x — y) A\ "w(A\ty) dy = f x wi(x)

belongs to C°(R") and limy_,o f * wy = f in L(oh=1) (M)

e For each f € L(<=h=1) (M) there exists a sequence f,, in C5°(R"),
n €N, and a bound h € Lo =1) (M) such that |f,(x)| < h(x) and
limy—s o0 fn(x) = f(x) for all x.

e For each f € C{" ™V (M) there exists a sequence f,, in C3°(R"),
n €N, with limp_o || — T

Llcosh —=1)(pf) =0.



Differentiable densities
Definition
The Orlicz-Sobolev (O-S) spaces with weight M are
Wl,(cosh—l) (M) — {f c L(cosh —1) (M)‘ajf e L(cosh—l) (M) ,j =1,..., n}
whiessh D (1) = {f € Le=D- (M) oy € L D= (M) j =1,...,n}

where 0; is the derivative in the sense of distributions. The spaces
Wt(cosh=1) (A1) and Wh(cosh 1)« (M) are both Banach spaces for the

graph norms.

(Oif, M) = — (f,0;0M — X;oM) = (f, (X; — 9;)pM)
(Oif, 0y = (F,0;0)y,  0;0 = (X; — 0;)o

® Cf Malliavin Calculus



Inclusions

Theorem
Let R > 0 and let Qg denote the open sphere of radius R.

1. We have the embeddings

Wl,(cosh —1)(Rn) c Wl,(cosh—l) (M) c
Wl,(coshfl)(QR) c Wl’p(QR), p

WV
—_

2. We have the embeddings

Wl’p(Rn) C Wl,(cosh—l)* (Rn) c Wl,(cosh—l)* (M) c
Wl,(coshfl)*(QR) - Wl’l(QR), p>1.

3. Eachu e Wl’(cfh 1) (M) is a.s. continuous and Hélder of all
orders on each Qg.



Directional derivative
Theorem

e For each f € Wh(cosh=1) (M), each unit vector h € S", and all
t € R, it holds

1 n
f(x +th) — f(x) = t/ Zﬁjf(x—i—sth)hj ds .
0 2
Jj=1
Moreover, |t| < \/2 implies
1 (x + th) — £ )| yeomn vy < 28 [VE | o -0y >

especially, lim;_q ||f(x + th) — f(x)|

Lleosh =1 (Af) = 0 uniformely in h.

e For each f € Wh(cosh=1) (M) and each g € L(ch =1« (M), the
mapping h — (Tuf, g),, is differentiable. Viceversa, if
f € L(cosh=1) (M) and h s T,f is weakly differentiable, then
fe Wl,(cosh —1) (M)

o IfO;f € CéCOSh -1 (M), j=1,...,n, then strong differentiability in
L(osh=1) (M) holds.



Orlicz-Sobolev class
Definition
The Orlicz-Sobolev-Gauss exponential class is

Cl,(cosh—l) (M) o
0 =
{f € Whi(cosh—1) (M)|f,0f € Cécoshfl) (M),j=1,..., n}

e The translation model is qualified as
pr=mwp, p=e'"WV .M UeSyn " (m)
e The score in the direction j is (x; — tej) — OjU(x — tej):

YOG KM (e

dtp(x_ tej) _ dt

plx —teg) p(x — tej) -
U(xitej)iKM(U)M(x — tej) + (x; — te; )eU(X tej)— KM(U)M(X —teg)

—90;U(x — tej)e

p(x — tej)
(xj — tej) — 9 U(x — tej)



Caleulus in G (M)

Theorem

e Foreachf e Cg’(COSh -1 (M) the sequence f x w,, n € N, belongs to
C>®(R™) N Whleosh=1) (M) Precisely, for each n and j =1,...,n,
we have the equality 0;(f * wy,) = (0;f) * w,; the sequences f x wy,
respectively 0;f xw,, j =1,...,n, converge to f, respectively 0;f,
j=1,...,n, strongly in Wh(cosh=1). (pf),

e Same statement is true if f € Wh(cosh=1) (1),

o Let be given f € C" ™V (M) and g € Wh(<sh =D (M). Then
fg € WHL(M) and 0;(fg) = 9;fg + f0;g.

e Let be given F € C}(R) with ||F’||, < co. For each
Ue CéCOSh_l) (M), we have F o U, F' o U9;U € CéCOSh - (M) and
0;F o U= F' o Ud;U, in particular F(U) € C3" ™D (Mm).



Exponential family modeled on G " ) (M)

o Restrict the exponential family £ (M) to G2 =1 (M),

51(/\/1)_{ u=ku(V) . p| U e cF °°5h‘1)(M)msM}

o Because of C3'(“*" ™ (M) < L=sh=1(M) the domain
Cltes" =) (M) N Sy is open and the cumulant functional
K = C3" ™ (M) N Sy — R remains convex and differentiable.

e Every feature of the exponential manifold carries over to this case.
Define By(p) = B, N Co'™" ™) (M) to be models for the tangent
spaces of £1(M). The e-transport acts on these spaces

eU?: Bl(f) S5Uw— U*Eg [U] € Bl(g) s
so that we can define the statistical bundle to be

T&E (M) ={(g,V)|g € &1(M), V € Bi(g)}

and take as charts the restrictions of the charts defined on TE (M).



Application: Hyvarinen divergence

For each f, g € £(M) the Hyvéarinen divergence is
DH (g|f) = Eg [|V|og f—-V |ogg|2} .
The expression in the chart centered at M is
DHy, (v|u) = DH (em(v)|em(u)) = Eym [|Vu - Vv|2e"*KM(")] ,

where f = ep(u), g = em(v).
grad(f — DH(g|f)) = -2V log g - Vlogé —2A Iogé

grad(g — DH (f|g)) =2V logg - Vloggfr + 2A|og§ + DH (flg)



Example: Elliptic operator

e Elliptic operator as section of the tangent bundle is

Ap(x) = o) 5 37 ()50 ) xR

ij=1
e The expression in the statistical bundle is
U= Au(U) = eV=KuU) g(eV=Ku(V) . ) =
eVHm(U) U=Kn(U) . MY = ML r*(eU=Kn(U) . pg
mA(e M) = (e - M)
e Computation gives

M_lﬁ*(eU_KM(U) . M) _
)

S0 Loy () =5 ) o0+

ij=1
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Second order geometry

® | Malagd and G. Pistone. Combinatorial optimization with information geometry: Newton method.
Entropy, 16:4260-4289, 2014

® L. Malago and G. Pistone. Second-order optimization over the multivariate Gaussian distribution.
In F. Barbaresco and F. Nielsen, editors, Geometric Science of Information, number 9389 in LNCS, pages
349-358. Springer, 2015



Parallel transport

® e-transport:
U3: B, U U-E4[U] € By .

e m-transport: for each V € *B,

* q *
"ug: BqB\/#—);VG By

Properties
o (U,"UBV) = (U3U, V),
. U U3 =T
* "U,"Ug ="
(UIU,"UIV)_ = (U, V),

K, (a)]U, V] = (VgU, “U3V), = ("U5°U3U, V)

o



Statistical exponential manifold and bundles

e The exponential manifold is the maximal exponential family £ with
the affine atlas of global charts (s,: p € &),

q q
sp(q) = log i E, {Iog p} :

e The statistical exponential bundle TE (M) is the manifold defined
on the set
{(p,V)Ip &, VeB}

by the affine atlas of global charts

op: (g, V) = (s5(q),°UEV) € B, x By, peé&

o The statistical predual bundle * TE (M) is the manifold defined on
the set
{(pa W)|p € 57 w € *BP}

by the affine atlas of global charts

*op: (g, W) = (sp(q), "UEW) € B, x "B,, pe€



Score and statistical gradient

Definition
t+— p(t) is a curve in £ (p) and F: € (p) — R.

e The score of the curve t — p(t) is a curve in the statistical bundle
t — (p(t), Dp(t)) € SE (p) such that for all X € L(cosh =1 (p) it
holds

d
EEP(t) [X] = <X - ]Ep(t) [X] ) Dp(t)>P(t)

e The statistical gradient of F is a section of the statistical bundle,

p — (p,grad f(p)) € eTofp such that for each regular curve
t — p(t), it holds

%f(p(t)) = (grad f(p(t)), Dp(t)) o)

Everithing applies if the tangent space is in Col"(COSh -b (p), but technical
detail have to be checked, e.d. ng



Taylor formula in the Statistical Bundle

e For a curve t — p(t) € £ (M) connecting p = p(0) to g = p(1) and
a function F: £ (M) — R the Taylor formula is

Fa) = Fo)+ LFe)| + 2 L rpee)|  + Ralhap()
dt o 2 dt? 0
with Ra(f, p() = [y (1 = &) (S F(p(8) = SF(p(1))| ) ot

o The first derivative is computed with the statistical gradient and the
score

F(q) = F(p) + (grad F(p(0)), Dp(0)) , +

9. (grad F(p(t)), Dp(t))

1
5 9 + Rao(f, p(+))

t=o

depends on p(+)

e where < (grad F(p(t)), Dp(t)) pe) o



Accellerations

p(t) = UO—KUE) . p U € B,

Let us define the acceleration at t of a curve t — p(t) € & (
The velocity is defined to be

t = (p(t), Dp(t)) = (p(t). & log (p(t))) € TE (M)
The exponential acceleration is t — (p(t),*D?p(t)) € TE (

d.
“D%p(t) = UAe) Dp(s)

s=t
The mixture acceleration is

_ B(1)

d
mD2p(t) = — "UPDp(s)| =
p(t) P = o)

ds P9

M).

M) with



mD2 —
p(t) =

ds
d
T ds
d
T ds
d
~ ds
A(
p(

d mUP(f) Dp(s)

Computation

p(s)
s=t

mUZEg%(U(S) — Kp(U(s)))

s=t

MU (U(s) — dK,(U(s))U(s))
O -
o0 (V) = Fate [0G)])]
s), - : p(s), -
= 20O —Exy [U)]) + 55
), ; p(t)
t) p(t)
(£) = Epgey [U(8)])? + (U(8) — Epge [U(1)))
t)




Autoparallel curves

The exponential accelleration is
“D?p(t) = U(t) ~ Eppey [U(1)]
The e-accelleration of a 1d-exponential family t — etV=Ku(tU) . 0 ig

zero, tU = 0.

The mixture acceleration is

(t)
t)

The m-accelleration of a 1d-mixture family
t — p(0) + t(p(1) — p(0)) is zero,

o:

"D?p(t) =

)]
—~




Taylor's formulae

The computation of 4 (grad F(p(t)), Dp(t)) pe) reduces to one term
t=o

by chosing an autoparallel segment connecting p and g

o If t — p(t) is the mixture geodesic connecting p = p(0) to
q=p(1),

F(q) = F(p) + (grad F(p), Dp(0)), +

1
5 (“Hesspp0) F(p), Dp(0)),, + Ry (p, q)

o If t — p(t) is the exponential geodesic connecting p = p(0) to
q=p(1),

F(q) = F(p) + (grad F(p), Dp(0)) , +

1 _
5 ("Hesspy0)F(p), Dp(0)),, + Ry (P, q)



