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Abstract

We focus on a specific way to put a global differentiable structure on
positive densities of a measure space, namely the Banach manifold
modelled on Orlicz spaces introduced by Pistone and Sempi (1995).

This framework is able to overcome the limitations of other approaches (such as the classical embedding a
density in the Hilbert sphere by its square root) which are due to the fact the relative interior of the
positive cone of square integrable functions is empty unless the sample space is finite. Recent research has
improved our structure so that the current version allows to construct with a minimum of technicalities a
differential structure which is able to support first and second order calculus and reduces to Amari's
Information Geometry on parametric sub-models. While classical statistical applications can use
parameters, other applications, such as Stochastic Analysis, are intrinsically nonparametric, hence the
advantage of a way to avoid parameters. On the other side, this result is obtained at the cost of reducing
the set of densities available to essentially those which have a finite relative divergence from a given one.

When [the] reference density is the Gaussian density we obtain a

special set-up that allows for space differentiability through the
introduction of Orlicz-Sobolev model spaces.

| plan to hint to a number of potential applications of such a
Calculus, e.g. Continuity Equation, Kolmogorov Forward Equation,
Hyvrinen Divergence, Gradient Flow, Wasserstein distance,
Continuous Martingale.

| refer to recent joint work: with L. Malago (2015); with B. Lods
(2015); with D. Brigo (2016).
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Why a nonparametric IG?
e Applications without natural parameters:

e Flows e.g. gradient flows on the probability simplex.
e Homogeneous Boltzmann equation

Ocf = Q(f, f);

e Divergences in Machine Learning e.g., Hyvarinen divergence

DH (pla) = [ 1V1og p(x) - ¥ log a(x)F g(x) dx
e Evolution equation for densities e.g., heat equation

Of = Dy f:

® G. Pistone. Examples of the application of nonparametric information geometry to statistical physics.
Entropy, 15(10):4042-4065, 2013

® G. Pistone. Nonparametric information geometry. In F. Nielsen and F. Barbaresco, editors, Geometric
science of information, volume 8085 of Lecture Notes in Comput. Sci., pages 5-36. Springer, Heidelberg,
2013. First International Conference, GSI 2013 Paris, France, August 28-30, 2013 Proceedings

® B. Lods and G. Pistone. Information geometry formalism for the spatially homogeneous Boltzmann
equation. Entropy, 17(6):4323-4363, 2015

® D. Brigo and G. Pistone. Projection based dimensionality reduction for measure valued evolution equations
in statistical manifolds. arXiv:1601.04189 [math.PR], 2016



Why " exponential family”?

e The cone of strictly positive unnormalized densities is an affine
space for the multiplication. The additive representation of this
affine geometry is the exponential family.

® H. Gzyl and L. Recht. A geometry on the space of probabilities. |. The finite dimensional case.
Rev. Mat. Iberoam., 22(2):545-558, 2006

® H. Gzyl and L. Recht. A geometry on the space of probabilities. Il. Projective spaces and
exponential families. Rev. Mat. Iberoam., 22(3):833-849, 2006

e Previous work (and current work) on generalising exponential

families was focused on the generalisation of parameters to infinite
dimension. Our idea is to avoid parameters at all.

e Non-parametric = coordinate-free differential geometry exits, and it
is simpler than its version based on coordinates

® R. Abraham, J. E. Marsden, and T. Ratiu. Manifolds, tensor analysis, and applications, volume 75
of Applied Mathematical Sciences. Springer-Verlag, New York, second edition, 1988

® S. Lang. Differential and Riemannian manifolds, volume 160 of Graduate Texts in Mathematics.
Springer-Verlag, New York, third edition, 1995



MY THESIS: |G is the geometry of the statistical bundle

In Information Geometry we want to perform computations such as

d9/ p(x;0) pldx) = /U(X) :9 (x;0) p(dx) =
/ u(x )@ log p(x; ) p(x;0) p(dx) = Eq [(u— Eo [u]) ( d |ogp0)]

A is the probability simplex on a given sample space (2, F).

The statistical bundle of A is

TA ={(m, u)|r € A,ue [*(n),Ex [u] =0}

We want the fibers L3(u) to be isomorphic and express the tangent
space.

® P. Gibilisco and G. Pistone. Connections on non-parametric statistical manifolds by Orlicz space
geometry. IDAQP, 1(2):325-347, 1998

o This program is easily feasible if the sample space Q is finite. If Q is
not finite, we have a problem.



Model space
Orlicz d-space

If ¢(y) = coshy — 1, the Orlicz ®-space L®(p) is the vector space of all
random variables U such that E, [®(aU)] is finite for some o > 0.

Properties of the ®-space

1. U € L®(p) if, and only if, the moment generating function
a — E, [e?Y] is finite in a neighbourhood of 0. L®(p) is the space
of sufficient statistics in an exponential family.

2. The set
{ue L°(p)|Ep[0(u)] < 1}

is the closed unit ball of a Banach space, hence

o[o(2)) <2}

3. limp o0 tp = 0 in L®(p) if and only if for all € > 0

full, = inf{p> 0

limsupE, [Cb(e*lu,,)] <1

n—oo



Isomorphism of L® spaces

L®(p) = L®(q) as Banach spaces if 0 — [ p1=%¢” dy is finite on an
open neighbourhood / of [0, 1]. It is an equivalence relation p — g and
we denote by £(p) the class containing p.

Proof.

Assume u € L®(p) and consider the convex
function C: (s,0) — [e*p'=%q% du. The
restriction s — C(s,0) = [e%p du is finite
on an open neighbourhood J, of 0; the
restriction 0 — C(0,0) = [ p'=%q% du is
finite on the open set / D [0, 1]. hence,
there exists an open interval J; > 0 where
s+ C(s,1) = [eq dp is finite. O

® G. Pistone and C. Sempi. An infinite-dimensional geometric structure on the space of all the probability
measures equivalent to a given one. Ann. Statist., 23(5):1543-1561, October 1995



Portmanteau theorem

The following statements are equivalent:

* ge&(p)
* p—gq
e £(p) =£(aq);

o L%(p) = L*(q);
« log (2) € L°(p) N L°(q).

o 1€ L'(p)and £ € L'*(q) for some € > 0.

® A Cena. Geometric structures on the non-parametric statistical manifold. PhD thesis, Dottorato in
Matematica, Universita di Milano, 2002

® A Cena and G. Pistone. Exponential statistical manifold. Ann. Inst. Statist. Math., 59(1):27-56, 2007

® M. Santacroce, P. Siri, and B. Trivellato. New results on mixture and exponential models by Orlicz spaces.
Bernoulli, 2015. online first



Maximal exponential family

For each p € P~, the moment generating functional is the positive
lower-semi-continuous convex function G,: B, 3 U E, [eV] and

the cumulant generating functional is the non-negative lower
semicontinuous convex function K, = log G,.

The interior of the common proper domain
{U|G,(U) < +00}° = {U|K,(U) < >o}° is an open convex set S,
containing the open unit ball (for the norm of the Orlicz space).

For each p € P~, the maximal exponential family at p is

E(p) = {e“_K"(“) ~p‘u € Sp} .



e-charts

For each p € P~, p € &, consider the chart s,: € — L&(p) = B,

sp: €2 g log <Z> + D(pllq) = log <Z> —E [Iog (Z)]

For U € B, let K,(U) = logE, [eY] the cumulant generating
function of U and let S, the interior of the proper domain. Define

ep:sp_lepa U V=00 p

{sp: £ (p)|p € P>} is an affine atlas on P~ that defines the
exponential manifold.

Each & (p) is a connected component.

The information closure of any £ (p) is P>. The reverse information
closure of any &€ (p) is P~.

D. Imparato and B. Trivellato. Geometry of extended exponential models. In Algebraic and geometric
methods in statistics, pages 307-326. Cambridge Univ. Press, Cambridge, 2010



Cumulant functional

The r-divergence g — D (p||q) is represented in the chart centered
at p by D(p|le,(V)) = K,(U) = log E, [eV], where
qg=ey(U)=eV5W) . p ueB,

Kp : Bp = R> U {400} is convex and its proper domain Dom (K})
contains the open unit ball of B,.

Ko is infinitely Gateaux-differentiable on the interior Sp of its
proper domain and analytic on the unit ball of B,,.

For all V, Vi, V,, V3 € B, the first derivatives are:
Kp(U)[V] = Eq[V]
d® Kp(U)[ VA, Va] = Covg (4, V2)
d® K,(U)[ V4, Va, V3] = Covg(V4, Vs, V)



Summary

P—q] = | £(p) =>Sp—>B,—~L%(p)

If p— q, then £ (p) = £ (q) and L®(p) = L®(q).
B, = Lg)(p), By = Lg)(q)
Sp# Sqand s;gos;t: Sp— Sq is affine

sq05, (U)=U—Eq[U] + log (2) —Eq4 [Iog (5)}

The tangent application is d(sq 0 s, )(U)[V] = V — E4[V] (does
not depend on p)



Duality
Young pair (N—function)

C d)_l = ¢*v
e O(x) = O‘X‘ o(u) du
o 0.(y) = " 6u(v) dv

* [xy| < O(x) + ®.(y)

¢u(u) | o(v) | ¢.(x) )

log(1+u) [ e —1] (14 [x])log(1+ [x])—|x| [ePT—1—]y]
sinh ™ty | sinhv | |[x|sinh ! |x| = vVI+x2+1| coshy —1

o L% (p) x L®(p) 3 (v,u) = (u,v), = Ep[uv]

(,v),| < 201ullo, , 1Vl

e (L®(p)) = L®(p) because ®,(ax) < a?®,(x) if a > 1 (A»).



PART I

Second order geometry



Parallel transport

® e-transport:
‘Up: B, U~ U—-E4[U] € By .

e m-transport: for each V € *B,

* q *
UL Bq3\/+—>;\/€ By

Properties
o (U,"UBV) = (U3U, V),
. U U3 =T
* "U,"Ug ="
(UIU,"UIV)_ = (U, V),

K, (a)]U, V] = (VgU, “U3V), = ("U5°U3U, V)

o



Statistical exponential manifold and bundles

e The exponential manifold is the maximal exponential family £ with
the affine atlas of global charts (s,: p € &),

q
sp(q) = Iog% - Ep, [Iog p] .

e The statistical exponential bundle S £ is the manifold defined on the
set
{(p,V)lpe &,V eB,}

by the affine atlas of global charts

op: (g, V) = (s5(q),“UbV) € B, x B,, pe&

e The statistical predual bundle *S & is the manifold defined on the
set

by the affine atlas of global charts

“op: (g, W) = (sp(q),"UEW) € B, x "B,, peé



Score and statistical gradient

Definition
t+— p(t)is acurvein & (p) and f: € = R.

e The score of the curve t — p(t) is a curve in the statistical bundle
t + (p(t), Dp(t)) € S & (p) such that for all X € L®(p) it holds

d
7 Er(o [X] = (X = B9 [X], Dp(1)) )

e Usually,

~—

_p(t) _
Dp(t) = p(t) — dt

log p(t)

o The statistical gradient of f is a section of the statistical bundle,
p— (p,grad f(p)) € SE (p) such that for each regular curve
t — p(t), it holds

%f(p(t)) = (grad (p(t)), Dp(t)) 5



Taylor formula in the Statistical Bundle

e For a curve t — p(t) € € connecting p = p(0) to ¢ = p(1) and a
function f: £ — R the Taylor formula is

1 d?

f(q) = f(p) + *f( (t)) T3 —=f(p(t))

Ro(f
2 dt2 + 2( 7paq)

t=o0

o The first derivative is computed with the statistical gradient and the
score

f(q) = f(p) + (grad f(p(0)), Dp(0)) , +

% % (grad f(p(t)), Dp(t)>p(t) +Rao(f, p.q)

t=o




Accellerations

Let us define the acceleration at t of a curve t +— p(t) € €. The
velocity is defined to be

t = (p(t), Dp(t)) = (p(t), & log (p(t))) € SE

The exponential acceleration is

“Dp(t) = - 9 el Dp(s)

s=t

The mixture acceleration is

"D%p(t) = 2 "UZ Dy

The e-accelleration of a 1d-exponential family is zero

The m-accelleration of a 1d-mixture family is zero



Taylor's formulae |

1. t+— p(t) is the mixture geodesic connecting p = p(0) to g = p(1).

f(q) = f(p) + (grad f(p), Dp(0)) , +

L.
5 (“Hesspp)f(p), Dp(0)) , + R (p, )

RY(p.q) =
/0 dt ((1 — t) (*Hesspy(ey F(p(t)), DP(f)>p(t)) -

1
5 <eHeSSDp(O) f(p)’ Dp(0)>p



Taylor's formulae |l

2. t— p(t) is the exponential geodesic connecting p = p(0) to

q=p(1).

f(q) = f(p) + (grad f(p

): D
1
2

Ry (p,q) =

J

1

dt ((1 — t) ("Hesspp(y)

p(0)), +

("Hesspy(0)f (p), Dp(0)), + Ry (p. q)

Fp(1). De(8)) ) -
%< Hessp,(o f(P)aDp(O)>p



PART Il

Information Geometry of the
Gaussian space

e B. Lods and G. Pistone. Information geometry formalism for
the spatially homogeneous Boltzmann equation. Entropy,
17(6):4323-4363, 2015

e Unpublished paper in progress (2016)



Gaussian space

e We consider £ (M) with

e The spaces are denoted L(<M 1) (M) and L(<*s" =1« (M) with
conjugate Young functions

(cosh —1)(x) = coshx — 1,

(cosh —1).(y) = ylog <y+ \/1+y2) —V1+y2-1,

e The space L(¢" =1« (M) is separable with dual space L(¢°sh—1) (M)
because

(cosh —1).(ay) = /an \;)1/;7; dt < max(1,a%)(cosh —1),(y).



Notable functions in L(°"=1) (M) and L(cosh—1)- (M)

e The general inclusions hold, if 1 < a < oo,
Lo®(M) c Ll =D (M) ¢ L2(M) Ll =D (M) ¢ LY(M)
e Local inclusion holds, if 1 < a < oo, Qr = {x € R"||x| < R},

L(cosh—l) (M) c La(QR)

e The Orlicz space L(<h=1) (M) contains all polynomials with degree
up to 2 and all functions which are bounded by such a polynomial.

e The Orlicz space L(<sh =1+ (M) contains all random variables
f: RY — R which are bounded by a polynomial, in particular, all
polynomials.

e AslogM € Lo =1) (M) and p € € (M) then log p € L =1 (M),
hence log p € L =1) (g) for all g € £ (M). The entropy function
H: £€(M) > p— —E,[log p] is diffentiable with statistical gradient
grad H(p) = —log p + H(p). The gradien flow trajectories are Gibbs
models.



C>°(R") is boudedly a.s. dense

e For each f € L(cos" 1)« (M) there exist a nonnegative function
h € L(cosh =1+ (M) and a sequence f, € C.(R") (respectively
C(RM) with |f,| < h, n=1,2,..., such that lim,_,o f, = f as.

e For each f € L(csh=1) (M) there exist a nonnegative function
h € Lo =1) (M) and a sequence f, € C.(R") (respectively
CX(R™) with |fy] < h, n=1,2,..., such that lim,_o f, = f a.s.

e C(R) is dense in LN =1« (M) and it is weakly*-dense in
L(cosh —1) (M)

Proof

Let £ be a maximal subset of L(ch =)« (M), respectively L(c°sh—1) (M),
such that the property is true. L is a vector space, contains the constant
functions, is closed for A, contains C.(R"). By the monotone class
theorem, L contains all measurable functions that are bounded by an
element of L(cos" =1« (M), respectively L(cosh—1) (M)



Remarks

If £ € Llcosh=1) (M) and g € LN =1) (M) there exists
sequences f,, g, € C(R"), n=1,2,..., such that

fngn — uv in LY(M)

If £,h e L(oh=1) (M) and C(R") with |f,| < h,
n=1,2,...,and lim, .5 f, = f a.s., then

efr € C®(R") N Llcosh =D (M) and lim,,_y00 e = f as.
Let 1 < a < co. The mapping g — gM% is an isometry of

L3(M) onto L3(R"). As a consequence, for each f € L}(R")
and each g € L?(M) we have

1 1
H [f * (gMa)} M3 o
The mapping g + sign (g) (cosh —1);*(M(cosh —1).(g)) is a
surjection of L(¢osh—=1)« (R") onto L(<°sh =) (M) with inverse
h s sign (h) (cosh —1); 1 (M~1(cosh —1).(f)). It is surjective
from unit vectors (for the Luxenbourg norm) onto unit vectors.

) < HfHLl(]R") ||g”La(M)-



Orlicz-Sobolev with weight

e The O-S spaces with weight M are the vector spaces
Wesh —1(M) = {f € Llcosh—D) (M)’ajf e Lleosh—1) (pp) j=1,.. .,n}
W 1. (M) = {f € L= (n)[oyf € L= - (M) j = 1......n}

where 0; is the derivative in the sense of distributions.

e Both are Banach spaces with the norm of the graph
Hf||vv(1cosh71)(/\/l) = ”fHL(coshfl)(M) + Z; Haj’(H/_(coshfl)(M)
J:

”fHW(ICQShfl)*(M) = ”fHL(coshfl)(M) + Z Hajf”/_(coshfl)(/v/)
j=1

® . Musielak. Orlicz spaces and modular spaces, volume 1034 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 1983, §10



Remarks

As ¢ € C°(R") implies M € C°(R"), for each
f € Wioen 1).(M) we have

(O, )y = (O, oM) = — (f, MO — X;M¢) =
(£, M(X; = 9)¢) = (F,(X; = 9j)) -
We want the operator ¢; = X; — 0; exteded to L(cosh =1 (M),
W(lcosh (M) C W(lcosh _y(Qr) C WhP(Qg), p > 1
Wieosh —1), (M) € Wieogh 1y, (Qr) C WHH(QR).
Each u e W(lcoSh _1)(M) is a.s. continuous and Holder of all orders

on each Qg

H. Brezis. Functional analysis, Sobolev spaces and partial differential equations. Universitext. Springer,
New York, 2011.



Compositions and operators
Differentiable densities

1. fueSyandf,...,f,c L("=1) (M), then
R AL Kum(u) c L(cosh —1)s (M)

1
2. fueSunW, (Cosh (M) and f € Weoy, 1 (M), then
Ki 1
feu—HKm(u) ¢ Witosh —1). (M) N CH(R?).
Proof.
The equality et—Km) — Bi(feufKM(”)) in the sense of distributions is checked in pointwise approximation by
C2°(R") functions. O

The §; operator

e The injection W(Cosh . (M) > f = Xf e L(cosh =1)- (M), where X;

is the multiplication operator by the j- th coordinate Xx;, is defined
and continuous.

o If fe W(COSh 1.(M) and g € W, 1 1(M), then

<f’ajg>M = <)<Jf_ajf7g>/\/1 = <5Jfag>M



Exponential family modeled on V|/(COSh (M)
e If we restrict the exponential family £ (M) to W1, (M),
Wiy = cosh I(M) N By = {U e W, cosh—l ’EM [U] = 0}

we obtain the following non parametric exponential family

£1(M) = {eU_KM(U) : I\/I‘U e WL, (M) mSM}

e Because of W2, (M) < LN =1(M) the set WL, (M)NSM

is open in W), and the cumulant functional
K - WL (M)NSM — R is convex and differentiable.

cosh —1
e Every feature of the exponential manifold carries over to this case.
In particular, we can define the spaces

Wr = Wcosh l(M)ﬁBM_ {UG cosh 1 M)’Ef[U] :O}v fegl(M)

to be models for the tangent spaces of £1(M). The e-transport acts
on these spaces

Us: Wrs U U—Eg[U] € W,
so that we can define the statistical bundle to be

SE&(M) ={(g, V)lg € E1(M), V € Wr}



Application: Hyvarinen divergence

For each f, g € £1(M) the Hyvarinen divergence is
DH (g]|f) = E, [V log f — V log g ]
The expression in the chart centered at M is
DHu(v||u) :== DH (em(v)|lem(u)) = Enm [|Vu — Vv\2e"*K"”(")} ,

where f = ep(u), g = em(v).
grad(f — DH (g||f)) = -2V log g - Vlogé — 2A|ogé

grad(g — DH (f||g)) =2V logg - V Iogé +2A Iogé + DH (f]|g)



Elliptic operator (Brigo & Pistone 2016)

e Elliptic operator as section of the tangent bundle is

Ap(x) = o) 5 37 ()50 ) xR

ij=1
e The expression in the statistical bundle is
U= Au(U) = eV=KuU) g(eV=Ku(V) . ) =
eV—Km(U) U=Kn(U) . MY = ML r*(eU=Kn(U) . pg
mA(e M) = (e - M)
e Computation gives

M_lﬁ*(eU_KM(U) . M) _
)

S0 Loy () =5 ) o0+

ij=1




