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Lst paper in AS (1993)

The Amnela of Siatiatiea
154, Val 26, Noo 1, 363-297

ALGEERAIC ALGORITHMS FOR SAMPLING
FROM CONDITIONAL DISTRIBUTIONS

By Perst DiacoNs' AND BERND STURMFELS?

Cornell University and University of California, Berkeley

We conatruct Markov chain algerithma for sampling from discrete
exponential families conditional on a sufficient atatistic. Examples include
contingency tablea, logistic regresaion, and apectral analyais of permuta-
tion data The algorithma invelve computations in palynomial ringa naing
Gribner hasea.

1. Introduction. This paper describes new algorithms for sampling from
the conditional distribution, given a sufficient statistic, for discrete exponen-
tial families. Such distributions arise in carrying out versions of Fisher's
exact test for independence and goodness of fit. They also arise in construct-
ing uniformly most powerful tests and accurate confidence intervals via
Rao-Blackwellization. These and other applications are described in Section
2. As shown below, the new algorithms are a useful supplement to traditional
asym ptotic theory, which is useful for large data sets, and exact enumeration,
which is useful for very small data sets.



2nd paper in AS

Biometrika (1996), 83, 3, pp. 653666
Printed in Great Britain

Generalised confounding with Grobner bases

By GIOVANNI PISTONE
Dipartimento di Matematica, Politecnico di Torino, Turin, 10129, Italy

AND HENRY P. WYNN
Department of Statistics, University of Warwick, Coventry, CV4 7AL, UK.

SUMMARY

Many problems of confounding and identifiability for polynomial and multidimensional
polynomial models can be solved using methods of algebraic geometry aided by the fact
that modern computational algebra packages such as MAPLE can be used. The problem
posed here is to give a description of the identifiable models given a particular experimental
design. The method is to represent the design as a variety V, namely the solution of a set
of algebraic equations. An equivalent description is the corresponding ideal I which is the
set of all polynomials which are zero on the design points. Starting with a class of models M
the quotient vector space M/I yields a class of identifiable monomial terms of the models.
The theory of Grobner bases is used to characterise the design ideal and the quotient.
The theory is tested using some simple examples, including the popular L18 design.
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Lingo: lIdeals

Definitions

® R=TR[xy,...,xq] is the ring of polynomials with real coefficients
and d indeterminates.

e The ideal of the set D C R? is

Ideal (D) = {f € R: f(x) =0if x € D}.

o A generating set or basis of Ideal (D) is a set of polynomials
B C Ideal (D) such that every g € Ideal (D) is of the form

f(x) = Z f,(x)g(x), fi(x)€R,g €B.

Theorem (Hilbert 1890)
Every ideal is finitely generated.



Examples

Positive x-axis in the plane

e D={(x,y) ER?*: x>0,y =0}

e If f € R[x,y] is zero on D, then f has no term with x only, i.e.
f(xy) = flx,y)y.

e B ={y} is a generating set of Ideal (D).

1FAT °

e D= {(1a O)a (07 1)v (717 O)a (07 71)} -
R2 <@ [

e Both x?> + y? — 1 and xy belong to
Ideal (D).




Lingo: Grobner basis

Definition
e ad
e A term order is a total order < on monomials x¢ = Xf“ L
a=(a1,...,aq) €29, st. 1 < x* and

x* < xP = X < X
e Given a term order, the leading term LT (f) of a polynomial
f € Q[xi,...,xq] is identified.

o A basis G ={gi,...,8«} of the ideal | is a Grébner basis if the set
of leading terms of the ideal / is a multiple of some

{LT (g1),---,LT (gx)}-

Theorem (Buchberger 1965)

e There is a finite test for Grobner basis.

e There is a finite algorithm that produces a G-basis G from any basis.



Classical DoE: 231

The design In fact, the polynomial xy — z
belongs to the design ideal, but
X y z

+1 +1 +1 LT (xy — 2z) = xy
D= -1 -1 +1
-1 41 -1 cannot be obtained from the LT's
+1 -1 -1 of B. The G-basis is
2
has design ideal Ideal (D) x" =1,
generated by y* -1,
221,
x2 — 1, g=
) Xy -z,
B = y2 -1 Xz -y,
z -1 Yz — X.
xyz — 1.

The monomials 1, x, y, z are not
which is not a G-basis. aliased.



CoCoA solves 2371

Use R::=Q[x,y,2z]; --- Defines the ring
List:=[x"2-1,y"2-1,2"2-1,xyz-1]; --- polynomials in a basis
I:=Ideal(List); --- computes the ideal
G:=GBasis(I);G; --- computes the G-basis
- ! ___/ \ -
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- Version 1 4.7.3 -

-= Online Help : type 7 or  7keyword -=

- Web site : http://cocoa.dima.unige.it -



Lingo: A-model
X is a finite sample space with reference measure p.

Ais an integer matrix A € Z7THY

The elements of matrix A are Aj(x), i=0...m,x € X, Ay(x) = 1.

The x-column of A, say A(x), is the multi-exponent of a monomial

term denoted
tA0) = g0 A

m

Matrix A defines a statistical model on (X, i) whose unnormalized
probability densities are

g(x;t) =" xex,
for all t € R7*! such that g(-, t) is not identically zero.
>

The probability densities wrt i in the A-model are

pixit) = q(x; 1)/ Z(t),  Z(t) = qlx; t)u(x).

XEX

Ift >0, t =logf and q(x;0) = exp (6 - A(x)).



Example of A-model

Binomial(n, p)

e X¥=1{0,1,2,3,...,n}, p(x) = (Z)

01 2 3 -+ n
.A:O [1 111 --- 1}
110 1 2 3 -+ n
e g(x;tp, t1) = toty.
° p(X;t):Zgzzxtx(:):(1-t:t)"'X€X'tZO'
e t=p/(1— p) are the odds:

(= (Jra-ers



Lingo: Toric ideal
Definition
The ker of the ring homomorphism
R[g(x): x € X] 3 q(x) — t"*) € Rty, ..., tn)]
is the toric ideal of A.
Theorem (Sturmfels 1996)

e |deal (A) has a finite basis made of binomials of the form

[I a0=®— ] ak=®

x: u(x)>0 x: u(x)<0

with u € Z%, Au=0.

e There exists a Markov basis of A.



State of the art

Alq_ebraic Statistics in the Alleghenies
at The Pennsylvania State University

Penn State will host a large algebraic statistics meeting June 8 to June 15, 2012.

Algebraic statistics exploits algebraic geometry and related fields to solve problems in
statistics and its applications. Methods from algebraic statistics have been successfully
applied to address many problems including construction of Markov bases, theoretical
study of phylogenetic mixture models, ecological inference, identifiability problems for graphical models, Bayesian
integrals and singular leamning theory, social networks, and coalescent theory. In addition to algebraic statistics'
successes in solving statistical problems, its research objectives have driven theoretical developments in algebra.

The committee welcomes contributions in methods and applications of algebraic statistics broadly defined, including
but not limited to the above topics.

Deadline to apply for funding for junior participants (graduate students, postdocs, and early-career faculty) is March
31!



