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Which algebra?

• B. Sturmfels, Gröbner bases and convex polytopes (American
Mathematical Society, Providence, RI, 1996), ISBN 0-8218-0487-1

• D. Cox, J. Little, D. O’Shea, Ideals, varieties, and algorithms,
Undergraduate Texts in Mathematics (Springer-Verlag, New York,
1992), ISBN 0-387-97847-X, an introduction to computational
algebraic geometry and commutative algebra

• M. Kreuzer, L. Robbiano, Computational commutative algebra. 1
(Springer-Verlag, Berlin, 2000), ISBN 3-540-67733-X

• CoCoATeam, CoCoA: a system for doing Computations in
Commutative Algebra, Available at
http://cocoa.dima.unige.it (online)

• 4ti2 team, 4ti2—a software package for algebraic, geometric and
combinatorial problems on linear spaces, Available at www.4ti2.de
(online)

http://cocoa.dima.unige.it


Algebraic Statistics

• G. Pistone, E. Riccomagno, H.P. Wynn, Algebraic statistics:
Computational commutative algebra in statistics, Vol. 89 of
Monographs on Statistics and Applied Probability (Chapman &
Hall/CRC, Boca Raton, FL, 2001), ISBN 1-58488-204-2

• L. Pachter, B. Sturmfels, eds., Algebraic Statistics for
Computational Biology (Cambridge University Press, 2005)

• M. Drton, B. Sturmfels, S. Sullivant, Lectures on algebraic
statistics, Vol. 39 of Oberwolfach Seminars (Birkhäuser Verlag,
Basel, 2009), ISBN 978-3-7643-8904-8,
http://dx.doi.org/10.1007/978-3-7643-8905-5

• P. Gibilisco, E. Riccomagno, M.P. Rogantin, H.P. Wynn, eds.,
Algebraic and geometric methods in statistics (Cambridge University
Press, Cambridge, 2010), ISBN 978-0-521-89619-1



Lingo: Ideals

Definitions

• R = R[x1, . . . , xd ] is the ring of polynomials with real coefficients
and d indeterminates.

• The ideal of the set D ⊂ Rd is

Ideal (D) = {f ∈ R : f (x) = 0 if x ∈ D} .

• A generating set or basis of Ideal (D) is a set of polynomials
B ⊂ Ideal (D) such that every g ∈ Ideal (D) is of the form

f (x) =
n∑

j=1

fj(x)gj(x), fj(x) ∈ R, gj ∈ B.

Theorem (Hilbert 1890)
Every ideal is finitely generated.



Examples

Positive x-axis in the plane

• D =
{

(x , y) ∈ R2 : x ≥ 0, y = 0
}

• If f ∈ R[x , y ] is zero on D, then f has no term with x only, i.e.
f (x , y) = f1(x , y)y .

• B = {y} is a generating set of Ideal (D).

1FAT

• D = {(1, 0), (0, 1), (−1, 0), (0,−1)} ⊂
R2

• Both x2 + y2 − 1 and xy belong to
Ideal (D).
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Lingo: Gröbner basis

Definition

• A term order is a total order ≺ on monomials xα = x
α1···x

αd
d

1 ,
α = (α1, . . . , αd) ∈ Zd

≥, s.t. 1 ≺ xα and

xα ≺ xβ ⇐⇒ xα+γ ≺ xβ+γ .

• Given a term order, the leading term LT (f ) of a polynomial
f ∈ Q[x1, . . . , xd ] is identified.

• A basis G = {g1, . . . , gk} of the ideal I is a Gröbner basis if the set
of leading terms of the ideal I is a multiple of some
{LT (g1) , . . . , LT (gk)}.

Theorem (Buchberger 1965)

• There is a finite test for Gröbner basis.

• There is a finite algorithm that produces a G-basis G from any basis.



Classical DoE: 23−1

The design

D =

x y z

+1 +1 +1
−1 −1 +1
−1 +1 −1
+1 −1 −1

has design ideal Ideal (D)
generated by

B =


x2 − 1,

y2 − 1,

z2 − 1,

xyz − 1.

which is not a G-basis.

In fact, the polynomial xy − z
belongs to the design ideal, but

LT (xy − z) = xy

cannot be obtained from the LT’s
of B. The G-basis is

G =



x2 − 1,

y2 − 1,

z2 − 1,

xy − z ,

xz − y ,

yz − x .

The monomials 1, x , y , z are not
aliased.



CoCoA solves 23−1

Use R::=Q[x,y,z]; --- Defines the ring

List:=[x^2-1,y^2-1,z^2-1,xyz-1]; --- polynomials in a basis

I:=Ideal(List); --- computes the ideal

G:=GBasis(I);G; --- computes the G-basis

-------------------------------------------------------

--- ___/ ___/ \ ---

-- / _ \ / _ \ , \ --

-- \ | | \ | | ___ \ --

--- ____, __/ ____, __/ _/ _\ ---

-------------------------------------------------------

-- Version : 4.7.3 --

-- Online Help : type ? or ?keyword --

-- Web site : http://cocoa.dima.unige.it --

-------------------------------------------------------

-------------------------------

-- The current ring is R ::= Q[x,y,z];

-------------------------------

[z^2 - 1, y^2 - 1, x^2 - 1, -xy + z, yz - x, xz - y]

-------------------------------



Lingo: A-model
• X is a finite sample space with reference measure µ.

• A is an integer matrix A ∈ Zm+1,X
≥ .

• The elements of matrix A are Ai (x), i = 0 . . .m, x ∈ X , A0(x) = 1.

• The x-column of A, say A(x), is the multi-exponent of a monomial
term denoted

tA(x) = t0t
A1(x)
1 · · · tAm(x)

m

• Matrix A defines a statistical model on (X , µ) whose unnormalized
probability densities are

q(x ; t) = tA(x), x ∈ X ,

for all t ∈ Rm+1
≥ such that q(·, t) is not identically zero.

• The probability densities wrt µ in the A-model are

p(x ; t) = q(x ; t)/Z (t), Z (t) =
∑
x∈X

q(x ; t)µ(x).

• If t > 0, t = log θ and q(x ; θ) = exp (θ · A(x)).



Example of A-model

Binomial(n, p)

• X = {0, 1, 2, 3, . . . , n}, µ(x) =
(
n
x

)
.

• A =

[ 0 1 2 3 · · · n

0 1 1 1 1 · · · 1
1 0 1 2 3 · · · n

]
.

• q(x ; t0, t1) = t0tx1 .

• p(x ; t) = tx∑n
x=0 t

x(n
x)

= tx

(1+t)n , x ∈ X , t ≥ 0.

• t = p/(1− p) are the odds:(
n

x

)
tx

(1 + t)n
=

(
n

x

)
px(1− p)n−x .



Lingo: Toric ideal

Definition
The ker of the ring homomorphism

R[q(x) : x ∈ X ] 3 q(x) 7→ tA(x) ∈ R[t0, . . . , tm]

is the toric ideal of A.

Theorem (Sturmfels 1996)

• Ideal (A) has a finite basis made of binomials of the form∏
x : u(x)>0

q(x)u+(x) −
∏

x : u(x)<0

q(x)u−(x)

with u ∈ ZX , Au = 0.

• There exists a Markov basis of A.



State of the art


