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Simple functions

Let (S, F) be a measurable space.

Definition

A measurable real function, f: S = R, f~1: B — F, is simple if it takes
a finite number of values; equivalently, it is of the form f = ZT:I akla,,
ak R, AckeF, k=1,...,m me& N. The algebra with unity of all
simple functions is denoted by S; the cone of all non-negative simple
function is denoted by S, .

e Both S and S, areclosed for Vand A; f=ft —f~, feS.

e |f f is measurable and non-negative, there exist an incresasing
sequence (fp)nen in Sy such that lim,_, f,(s) = f(s), s € S.

e If f is measurable and bounded, there exist an sequence (f,)nen in
S such that lim,_, o f, = f uniformely.

Ch. 5 of D. Williams. Probability with martingales. Cambridge Mathematical Textbooks. Cambridge University
Press, Cambridge, 1991



Integral of a non-negative function
Let (S, F, 1) be a measure space.

Definition
o Iffes, f= ZT:I akla,, we define its integral to be
/fd,u:Zaku(Ak) where 0-co=00-0=0
k=1

o If f: S — [0,+00] is measurable, namely f € L, we define its
integral to be

/fdu—sup{/hdu'h68+,h§f}

e The integral is linear and monotone on
St={feS|[f"du [f du<oo}. The integral is convex and
monotone on L.

e Iffelyand [f du=0, then p{f >0} =0.



Monotone-Convergence Theorem

Theorem (MON)

let (f,)nen be a non-decreasing sequence in L. Then the pointwise limit
f =lim,_o f belongs to Ly and limp_,o [ f du= [f dp.

e A sequence of simple functions converging to f is always available.
o Ifa,8 €Ryg, f,g € Ly, then @:
/(af+ﬁg) du:/af du+/ﬂg du

o Exercise: If 4(S) =1, then [f du= [;° u{f > u} du.

Proof of MON: Appendix A5 of D. Williams. Probability with martingales. Cambridge Mathematical Textbooks.
Cambridge University Press, Cambridge, 1991; Bertrand Lods Lecture Notes.



Fatou Lemmas

Theorem (FATOU)
Let (f,)nen be a sequence in L.
L [(liminfoo ) dp <liminf, oo [ £, dp.

2. If, moreover, f, < g, n€N, and [ g du < oo, then
J (limsup,_, o fn) dp > limsup,_, . [ f, dpu.

e Exercise: Prove 1. by observing that lim sup is the limit of an
increasing sequence.

o Exercise: If (f,)nen is a decreasing sequence in £ and
[ fidu < oo, then [(limpooo fn) dp=limpoo [ dp.

e Exercise: If (f,)nen is a sequence in £, and f, < g, n €N,
J & du < oo, then [ (limpo0 f) dpp = limyoe [ dp.



Integrability

Definition

e Let £! be the vector space of measurable real functions such that

/\f| duz/f*du+/f7du<oo

e Define the integral to be the linear mapping

£19fn—>/fdu:/f+d,u—/f‘d,ueR

e Assignment: Revise L'-convergence and Dominated Convergence
Theorem in Ch 5 of D. Williams. Probability with martingales.
Cambridge Mathematical Textbooks. Cambridge University Press,
Cambridge, 1991 or Bertrand Lods Lecture Notes.



Expectation

Let E: £°(S,S) — R be such that

e E(1)=1.
e EE is linear and positive (hence monotone).
e [E is continuous on non-increasing sequence converging to 0.

Every such E defines a probability measure when restricted to
indicators, P (A) =E(14) and E(f) = [ f dP

A similar observation holds for a E: £,(S,S).

If fel(S,L),asf=Ff —f and|f|=F+1, ifE(f]) <oo
then E(f.),E(f_) < co. In such a case, we say that
f € LYS,S,P) and define E (f) = E(f.) — E(f.).

E: Ll(S,S, P) — R is positive, linear, normalized, continuous for
the bounded pointwise convergence.

Assigment: carefully check everything!



Densities
Let be given a measure space (S, F, u) and a measurable non-negative

mapping p: S — R such that [ p du < .
The set function

p-p: F— Rso, AH/IApdu

is a bounded measure. In fact: p- pu(0) = [0 du = 0; given a sequence
(Ap)nen of disjoint events, then MON implies

P 1(UnenAs) = /1uneNAnP dp = /ZlAn dp =

neN
Z/lAn dp=> p-uA)
neN neN

Exercise: If f: S — R is measurable and fp € L1(S, F, 1), then
feLlyS,F,p-p)and [fd(p-p)=[fp du. [Hint: try first simple
functions, then use MON]



Inequalities |

e Expectation is a positive operator, hence it preserves the order.
Most common application is a family of inequalities whose simplest
form is Markov inequality: If x > 0 and a > 0, then 1[3’4_00[ < a lx.
It follows that for each non-negative random variable X we have
P(X>a)<alE(X).

e The previous inequality can be optimised to get, for example, the
exponential Markov inequality. Observe that for all t > 0 it holds
{X > a} = {eX > e} It follows that

P(X>a)<e “E(e”) =exp (— (ta—logE (%))).

If 1(a) = sup,~ (ta — log E (e™)), then log P (X > a) < —I(a).

e Jensen inequality: Let ®: R — R be convex with proper domain D.
Assume X is an integrable random variable such that ®(X) is
integrable. Then ¢ (E (X)) < E(® o X). In fact, for each x, € D
there is an affine function such that ®(xp) + b(x,)(x — x0) < ®(x),
x € R. It follows that ®(xp) + b(x,)(E (X) — x0) < E (P o X). In
particular, Jensen inequality follows if xg = E (X).



Inequalities |l

Fenchel's inequality: Given the convex function ®, there exists a
convex function W such that V(y) = sup, (xy — ®(x)). In
particular, the inequality xy < ®(x) 4+ W(y) holds for all x,y. It
follows that E(XY) <E(® o X)+ E (VoY) if all terms are well
defined.

An important example of Fenchel inequality follows from
xy < é [x|* + % |y|ﬁ, where o, 3 >1and a1+ 371 =1. The

integral inequality is E(XY) < LE(|X|*) + 3 E (\ Y|B).

For x € R, ¢ > 0 and have xq < e*— 1+ gloggq. If f is a random
variable and g is a probability density w.r.t. p, then

[fadu< [ef du—1+ [qlogq dp.
Lebesgue space: For each o > 1, define

LY ={X € LIE(|X]") < oo} .

Define y
X = (E(X]"N7T = Xl



Inequalities |l

e Holder inequality. Apply Fenchel inequality to f = X/ [|X]|, and
g=Y/|Ylls It follows

X Y 1 1
E(fg) =E| ——o— | <=+2=1
R <xa||vﬁ> .

It follows that E (XY) < [ X]|, IV
e Minkowski inequality. Apply Holder inequality to

E(X+ Y1) =E(IX+ Y|IX+Y]"™) <

E (XX + V") + E(IYIIX + Y1)

to get [|X + Y|, < [IX[l, + 1Y]la-



Change of variable formula

Let be given a measure space (S, F, i), a measurable space (X,G) and a
measurable mapping ¢: S = X, p71: G — F. Let ppp = po ¢! be the
push-forward measure.

o If he S(X,G) ie. hzzzzlbklgk, b eR, BregG, k=1,...,n
Then

[ o= 3" bpu(Bl) = Zbkuw

k=1
Zbk/lgkoqﬁ du:/hoq‘) du
k=1

e If f € Ly, then MON implies [ f dpyp= [fo¢ du

e If f: X — R is measurable and f o ¢ € L1(S, F, 1) then
fel'(X,G, ¢up)and [fdoppp= [fogdu



Product measure |
Definition
Given measure spaces (S;, Fi, i), i =1,...,n, n=2,3,..., the product
measure space is

(57‘/—:’ /j/) = ®7:1(S/)f}aui) = (X7:15i7®7:1]:/,®,"1:1l$i),
where
F=QLFi=c{x_,AlAi € Fi,i=1,...,n}
and p = ®7_;p; is the unique measure on (x7_;S;, ®"_; F;) such that

llA H/’[’I /7 AiE]:/,Ilzl,...,n

o Llet X;: S— S;,i=1,...,n, be the projections. Then
@ Fi=0{X|i=1,...,n}.

e Examples: Counting measure on N2, Lebesgue measure on R?, the
finite Bernoulli scheme.

e Product measure of probability measures is a probability measure.



Product measure Il
Recall all measures are o-finite. Assume n = 2.

Sections
If C e=F = F1 ® F>, then for each x; € S; the set
{x2 € S3|(x1,x2) € C} belongs to F.

Proof.

Let O be the family of all subsets of S for which the proposition is true.
O is a o-algebra that contains all the measurable rectangles, hence
FcCO. O

Partial integration

The mapping Si: x1 — p2 {x2 € S3|(x1,x2) € C} is non-negative and
JFi-measurable.

Proof.

If C € F then the function is well defined. The set of all C € F such
that the function is measurable contains measurable rectangles, is a
m-system, and is a d-system. O



Product measure |l

Product measure: existence

The set function p: F 3 C — [ o {x2 € S|(x1,x) € C} pa(dx —1)is
a measure such that p(A; x Az) = p1(A1)u2(A2) on measurable
rectangles. Hence, p = p1 ® po.

Proof.
The integral exists because the integrand is non-negative. () = 0; if
(Ch)nen is a sequence in F of disjoint events, then for all x; € S; we have

K2 {X2 € 52‘(X17X2) S UnGNCn} = K2 (UnEN {XZ S 52|(X15X2) S Cn}) =
Z,ug {x2 € S|(x1,%x) € C,}

neN
MON implies

1 (UnenGp) = /Zuz {x2 € S2|(x1,%2) € o} pa(dx) =

neN

>~ [ 12 € Sl € b pldra) = > (G

neN neN



Product measure IV

e Consider n = 3. The product measure space
@31 (S, Fiy 1) = (X=y Si, @7y Fr, @7y i)
is identified with
(S1 %X S2, F1 @ Fa, pu1 @ p2) @ (83, F3, (111 @ p12) ® p3)
One has to check that

(FAR)QF=FQFheF;

e The n = oo case requires Charateodory. See the Bernoulli scheme
example.



Fubini theorem |

Section
Let f: §; x S, — reals be F1; ® F> measurable. For all x; € S; the
function £, : xo — f(x1, x2) is Fo-measurable.

Proof.

For each y € R, consider the level set

C={(x,%)|f(x,x) <y} € F1®F. Theset {(x)|fxi(x) <y}is
the x;-section of C. O

Theorem (Non-negative integrand)

Let f: 51 x S5 — R be F; ® Fo-measurable and non-negative. Then the
mapping S1 3 x1 — [ f(x1, %) pa(dxz) is F1-measurable and

[ dmen= [ ([ oas) o)) mie)



Fubini theorem I

Theorem (Integrable integrand)

Let f: 51 X S5 — R be u1 ® up-integrable. Then the mapping
S12 x1 = [f(x1,%) po(dx2) is py-integrable and

/f dpui ® 2 _/</ f(x1, x2) ,uz(dX2)> pa(dx)

Proof: Non-negative integrand.

Choose an increasing sequence of simple non-negative functions
converging to f and use MON.

Proof: Integrable integrand.

Decompose f = f™ — f~ and use the previous form of the theorem.



Independence
Definition
Let (2, F, ) be a probability space.

1. The sub-c-algebras Fi,...,F, are independent if A; € F;,
i=1,...,n, implies (A1 N---NAp) = u(Ar1) - - - u(An).

2. The random variables X;: Q — S;, X, *: G; — F, i=1,...,n, are
independent, if

(Xiy oo X))t = (X)) ® - ® (Xn) gt

If F; —a( ;). the 1. and 2. are equivalent. If A; = X"1(B;),
i=1,...,

p(ALN N A) = (X (B) NN X (By) =
(X, X)) Y By x -+ x By)) = (Xl,.. Xn)pp(Br % -+ x By) =
(X)) @ - @ (Xp)pp(Br x -+ x By) = (Xu)p(Bu) -- (X)#u( n) =
p(X;H(B)) - (X M (Ba)) = pu(Ar) - - p(An)



