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1. THE 0-ALGEBRA GENERATED BY A FINITE PARTITION, THE BOREL 0-ALGEBRA

The algebra of simple functions; the algebra generated by a finite partition; topology
of R™; Borel o-algebra.

2. PROBABILITY MEASURE ON A PARTITION. PROBABILITY MEASURE ON A
DENUMERABLE SET

Elementary examples. Bernoulli trials.

3. DYNKIN LEMMA

1. Let T be a mw-system. The family of all real functions of the form oy + Z?Zlozjllj,
neN, o;eR, j=0,...,n, [; €L is a vector space and it is stable for multiplication.

It is a vector space by construction. Stability under multiplication follows from 1;1; =
1.

2. A family H of subsets of S is a o-algebra if, and only if, it is both a d-system and a
T-system.

If H is a o-algebra, then it is a m-system and a d-system. A d-system contains the
total set S, is stable for the complement and stable for increasing unions. We need only
to show it is closed under intersection, which is true because it is a m-system.

3. If T is a w-system, then d(Z) = o(Z).

Note that d(Z) < o(Z). We want to show that d(Z) is a m-system, because in such a
case is a o-algebra containing Z, hence the equality. See D. Williams p. 194.

4. Any d-system D that contains a m-system I contains the o-algebra generated by the
mT-system.

In fact, D o d(Z) = o(Z).

5. If two probability measures on the same measurable space (S,S) agree on a m-system
T they are equal on o(T).
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Let D = {A € S|u1(A) = p2(A)}. Then D is a d-system that contains Z.

(1) A probability on a denumerable set is characterized by its value on points.

(2) A probability of R is characterized by its distribution function or by its survival
function.

(3) A probability of R™ is characterized by its value on boxes.

(4) A probability on {0,1}" is characterized by its value on cylinder sets.

(5) The distribution of a stochastic process is characterized by its finite dimensional
distributions.

4. MONOTONE CLASS THEOREMS

6. Let ‘H be a vector space of real functions of a set S and assume 1 € H. Assume
moreover that

(1) H is a monotone class i.e., if for increasing sequence (fn)n € N of non-negative
functions in ‘H bounded by some h € H, the function v, f, belongs to H.
(2) H contains the indicator functions of a mw-system I.

Then, H contains all measurable functions of (S,o(I)) which are bounded by an element

of H.

e Let us call D the set of A < S such that 14 € H. As 1 e H, then S € D. If
A, B € D with B < A, then 155 = 14 — 15 € H, hence A\B € D. If (4,),
is an incresing sequence in D, then 0 < 14, 1 1,4, and U, A, € D. As, by
assumption, D contains a m-system Z, then D is contains o(Z) because of 94.

e Let f be a non-negative function which is ¢(Z)-measurable and bounded by h € H.
There exists a sequence of non-negative simple functions f,, of o(Z) such that
fn 1 f. Each f, is a linear combination of elements of H, hence it belongs to H
and is bounded by h € H. It follows that f € H. Finally, a general measurable f
with |f| < h € H is of the form f = f, — f_ with f,, f_ < h.

7. Let H be a vector space of real functions of a set S and assume 1 € H. Assume
moreover that

(1) H is stable under uniform convergence.

(2) H is a monotone class i.e., if for increasing sequence (fn)n € N of non-negative
functions in ‘H bounded by some h € H, the function v, f, belongs to H.

(3) H contains a set C of bounded functions which is stable for the product.

Then, H contains all measurable functions of (S,o(C)) which are bounded by an element

of H.

e Let C’ be the algebra generated by C' and 1. It follows that C' < H. Choose a
maximal element A of all algebras of bounded functions that contain C and are
contained in H.

e Let us show that A is stable under bounded uniform convergence. Let (f,,), be a
bounded sequence in A4 and assume f is the uniform limit of (f,). Then, f e H
and f is uniformly bounded. The set A’ of all such limits contains A, is contained
in H, and it is an algebra. But A is maximal, then A" = A.

e The function = — |z| is the uniform limit on bounded intervals of a sequence of
polynomials. Take for example! the sequence of polynomials defined by u;(y) = 0

and
1

tuns1(y) = wn(y) + 5 —un(y), n=1.

1J. Dieudonné Foundations of modern analysis 1960, p. 130
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We have for 0 <y < 1 that u,(y) < \/y. Observe that

V= ta0) = V= ualo) = 50 0200 = (V5 = 00 (1= 57+ 1))

If u,(z) < \/y then 1(\/y + un(y)) < /¥y < 1, hence uni1(u) < 4/y, and the
recursion argument gives the desired result. It follows that wu,—1(y) — u,(y) =
1y — u2(y)) = 0. The sequence u,(y) is positive increasing, bounded by /9,
then the limit u(y) exists and it is such that u(y) = u(y) + 5(y — v*(y)), that is
u(y) = y/y. The limit is uniform.

e Now let g € A ans assume |g| < 1. Then u,(g) is a sequence in A that converges
uniformly to /g2 = |g| € A. In general, if |g| < k, then |g| = k|g/k| =
klim,, u,(g%/k*). It follows that A is stable for A, v, positive part, negative part.

o The sets Cy,.. gna1,an = {2 € S|gi(x) > a;,i =1,...,n} form a m-system which
is a generating set of o(A). Each C,, is the monotone limit of elements of A,
then 1¢, . €M and all the conditions of §7 are satified.

»»»»» gn,at,...,a
8. Exzamples of application §7

(1) The set C of bounded continuous functions on R™ is stable for the multiplication
and generated the Borel o-algebra. If iy, po are probability measures on R™, define
H the set of all bounded measurable functions. If § gduy = § gdus for all g bounded
continuous, then py = ps.

(2) The same argument holds for the set of continuous functions with bounded support.

(3) The existence of functions which are infinitely differentiable and with compaxt
support is not obvious. See in Wikipedia the article Non-analytic smooth function.

(4) The set of functions on R™ of the form exp (—p(x)), where p is a non-negative
polynomial of degree 2, is stable for the product and generates the Borel o-algebra.
Popular in Machine Learning.

(5) The vector space generated by trigonometric functions cosmzx, sinnzx, is stable
for the product and generates the Borel o-algebra of R. The elements are usually
called trigonometric polynomials.

(6) The set of complex exponentials R™ 3 x — exp (ﬁ(t,x}) e C is stable for
multiplication, but the complex exponentials are complex valued. This applies to
characteristic functions.

(7) The set of real exponentials R™ 5 x — exp ({¢t,z)) € R is stable under multiplica-
tion, but the real exponential are unbounded.
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