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3. EXAMPLES OF GAUSSIAN PROCESSES
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1. AR(1)

Consider a Gaussian space (2, F,P,(Z,)nez, ). A process (Xi)wez, is adapted if each X; is
measurable w.r.t the o-algebra generated by Zy, ..., Z;_1, Z;. An adapted process is a Gaussian
AR(1) process if it satisfies the recursive equation

Xo = o+,
Xi=c+oXy1+0o 2, t=1,2,...,
with 1 > 0 > 0 and ¢ € R. Each X; is a Gaussian random variable in Span (Zy, Z1, ..., Z,).
The expected value py = E (Xy), t = 0 is defined recursively by
Mo = Ho ,
pe = ¢+ op—1 -

There is a stationary value p for the mean, namely p = ¢ + ¢u if p = ¢/(1 — ¢). It follows for
all £ > 1 that

(e = ) = $pe—1 — p) = -+ = ¢' (o — ) > 0
as t — o0. The recursive equations for the centered random variables X; — u¢, t = 0, are
(Xo — po) =0Zo ,
(Xt — ) = ¢(Xe1 — pe—1) + 02y, t=1,2,...
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Note that the recursive equation are a description of the joint Gaussian distribution through
an affine transformation to white noise:

Zy = o (X0 — po)
Z1 =0 (X1 — 1) — &(Xo — o))

Zy =0 " (Xe — ) — ¢(Xy1 — p—1))

or, in matrix form,

Zo ot 0 0 [ Xo = po
Z | —¢U;1 0;1 0 X1 —
Z e 0 —got ot | Xe— e

The variance o7 = Var (X;) satisfies the recursive equation
2 _
o5 = Var (X,)
of = ¢*opy + 07

The invariant variance is characterised by 02 = ¢?0? + 02, that is 02 = 02/(1 — ¢?). Note the

convergence O'tz — 0'2.

From now on, we assume that the mean and the variance are stationary, as it is always true
in the long run, that is, given 0. > 0,0 < ¢ <1, ce R,

c 2
= T\ 1o 2
Xi=c+¢Xy 1+02;, t=1,2,...

X[): ZOv

Stationarity of the mean and the variance will be shown to imply the stationarity of all joint
distributions.

1.1. Density. As the affine mapping xg, x1,..., T, < (20,21, .., 2n) is 1-to-1,
[ —Z<— 7] [ el ]
Vise? e 70 1
07 6 1 0 -
el x1 c |1
07 o - 1 .. s ’
: : z 1
o7 | -0 —¢ 1 | t

the Gaussian vector (Xo, X1, ..., X;) has density

1
o2 2 1— 2 c 2
p(xo, @1, ..., x4) = <27r1_6¢2> exp | — 20; <xo— 1_¢> X

n 1\
(2m02) ™2 exp (—%‘? Z -

2




Note the product form

o \~
p(xo, x1,...,2) = <2771_¢2>

N

1—¢? c 2
t

H(Qwa?)_% exp (— 2; (—¢zs-1 + 25 — C)2>

s=1

which, in turn, implies the Markov property

) _ pXo,Xl,...,Xt (x()a Tlyew- 7wt)
PXo0, X1, X1 (T0, 1, -+ o Typ_1)

(277062)_% exp <—

Pxy|xt-1 (el

952 (—pzi—1 + 28 — C)2> = pXt|Xt,1($t|xtfl)
O-E

let us compute the K matrix, that is the matrix of the quadratic form in the density above.
If ys = x5 — ¢/(1 — ¢) are the centered variables, the quadratic form is

1— ¢? 1<
- 2
D) y(2) + = Z (—dys—1 +ys)” =
Te 7€ o1
1_ t
72 Z yzfl — 2¢ys—1ys + yg) =
O¢ s=
1— 1 (¢ :
o2 (% 72 (Z 3 Z2¢ys 1ys+2ys> =
€ ¢ \s=o s=1
1 ¢
5 (e Zovanteit-2 onn)
€ s=1 s=1
hence
1 —¢ 0o ... 0
1 |1-¢ 1+¢* —¢ ... 0
K(t)=— :
lop :
0 ... 0 —¢ 1

Note the tri-diagonal form.
Let us compute the covariances Y(t) = K (¢)~!. First, for each t = 1,2, ...
ol
1—¢2’
which is constant for each ¢ and, because of that, is called autocovariance at lag 1 R(1). The
same holds for each R(k) = Cov (X¢, X;—x). By induction, for k = 2,3, ...

Cov (Xt, thk) = ¢COV (,Xt—1> thk: + O¢ Cov (Zt, thk) = (Z)R(k) - 1)

Cov (Xt7Xt—1) = ¢COV (Xt—hXt—l) + O¢ Cov (Zt, Xt—l) = ¢

so that R(k) = ¢"-%, k=0,1,...

1 ¢27
1.2. Variance. The variance matrix of the vector (Xo, X1,...,X;) is
R(0)  R(1) -+ R(t) ot
R(1)  R(O) - R(t-1) o2 ¢t o - ot
s IR
R(t) R(t-1) ---  R(0) ¢t ot e 90



For example, we can check

52 1 ¢t ¢? BE - 0 1 1—¢? 0 0
gl g0 gl |- 1+¢* —¢ — 0 1—¢? 0
1| e L= | 0 1-¢?

1.3. Markov transition. Let us compute the transitions of the Markov chain. The joint

variance of (Xt_l,Xt) is %, le ﬂ, the projection is L = 1fi2¢1;f2 = ¢, the conditioned

-2

(1 — ¢?) = 02, the conditional distribution is

variance is
Xt‘(Xt—l = xt—l) ~ Ny (C + ¢xt_1,0'62) .
Let us redo the computation directly. For any f: R — R

E(f(X)|X" ) =E(f(c+oX_1+ Z)|Z"7")

1.2

= Jf(c + ¢ X1+ z)\/lgref dz
y=(eten) gy

- Jo .

1.4. Martingales. Define F; = o(X') = 0(Z"). (Y;)i=0is an L?>-martingale if Y; = f(¢, X, . ..

and E (Y;|Fi_1) = Y;_1. We have X;|X* ! ~ X;|X; 1, hence

E (f(t, JXP()7 . ,Xt)‘Xtil) =E (f(t TOye-ey L1, Xt)’Xt—l)‘xt—lzxt—l
Jf e_%(xt—(0+¢xt—1))2 d

7T pt—1=xt—1

—ft—l.%' )‘thtl

2. ORNSTEIN-UHLEMBECK PROCESS

From the set of slides Wiener.pdf
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Orstein-Uhlembeck process

Definition
Given a Wiener process W and constant 6,0 > 0, u € R, the
Ornstein-Uhlembeck process is (X)t>0 unique strong solution of

dX = 0(p — X)dt + odW;, X5 = x

1. We focus on the standard case dX} = —X,dt +V2W,, X =0,
precisely

t
X;(:X—/XudU‘}‘\/EWt, tZO
0

2. The unique strong solution is

t
XX =eTtx+2 / e (t=9) dw,
0

where the stochastic integral is a Wiener integral.

Proof

1 etXX +et fot X, du = etx + /2et W,

2. % (et fot X, du) = etx + 2et W,

3. et fot X, du=(e' —1)x + \/Efot e*W; ds

4. fot X, du=(1—-e"t)x++2et fot e’ W; ds

t
Xy =e 'x— \/Ee_t/ SW, ds + V2e tet W,
0

t
—e x4+ V2t <etWt — / e® W, ds)
0
t
—e x4+ \/5/ e~ (t=9) g,
0



Distribution of the OU

e Each X} is Gaussian with mean E (X)) = e~ ‘x and variance

Var (XX) = 2K ((/Ote(fs) dWs)2> -

t
/ 26—2(t—s) ds = e—2(t—s)
0

s=t
=1—-e"
s=0

2t

e For t > s the covariance is

t s
Cov (XX, XX) =2F ((/ e~ (t-0) qu> (/ e~ (=0 qu>>
0 0

= 2/5 e~ (t—t)g=(s—u) g4,
0

—s—t ouy|U=s
o ¢ }UIO
— e—(t—s) . e—(t+s) _ e—2(t—s)(1 . e—2s)

=e

OU is Markov |

o Ifs<t
XsX N e—s 1—e 2 ef(t—s)ef2s
th ~ N2 et X, e (t—s)g—2s 1 — e 2t

hence
XEX = y) o Ny (7079, 1 — 20079

so that

B (FOG)I0G = ) = [ fle™ ey + V1= e 22 (a2)

e We have X ~ e"'x + V1 —e2tZ, hence we define the family of
operators P;, t > 0,

(PF)0) =B (Fle™'x + VI - e22)) =
/f(etx—i— mz) 1 12 dz




OU is Markov I

e Markov property:
E (f(X£)|F5)
=K (f(efx + ﬁ/te“S) ]-"s>
E(f(e x+\/_/ —(=9) g +f/
fe” X+\/_/ —E=) gy, + \/Ts)z) v(dz)
Fle™ )X + /1 — e=2(t-9)7) ~(dz)

= (Pt—sf)(XsX)

)7)

\\

(Pt)t>0 is a semigroup, Pso Pi_g = Py if s <t
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HOME WORK
Read all the texts below, then choose and solve 2 exercises. The paper is due Fri May 29.
Ezercise 1. The AR(1) process can be written see Autoregressive model in Wikipedia.
Xey1 = Xe +0(p— Xt) + Zeya, 0] <1
Review all properties in this notation.

Ezercise 2. Compute the compensator and the quadratic variation of the AR(1) process.

Ezercise 3. Prove that L%[0,1] 5 f ~— Sé f(s) dWy is an isonormal Gaussian process, [NP]
Section 2.1.
FEzxercise 4. Let W be a Wiener process.
(1) Find the variance I'(t) and the concentration K (t) of finite the dimensional vectors
Wiy oo ) We), 0 <ty < -o- <tp, t = (t1,--+ ,tn).
(2) Show that W is Markov with kernel k(z,y) = s—— exp (—% (y—2)

2

2mA\/t—s t—s
(3) Show that the processes W, (W72 — t);~0, and (exp <aWt — ‘12—2 )) o a € R, are mar-
t=
tingales.

COLLEGIO CARLO ALBERTO
E-mail address: giovanni.pistone@carloalberto.org


http://en.wikipedia.org/wiki/Autoregressive_model
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