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Books

NP: Textbook [2]
GM: Monograph by S. Lauritzen on Graphical Models [1]

1. AR(1)

Consider a Gaussian space pΩ,F ,P, pZnqnPZ`
q. A process pXtqtPZ`

is adapted if each Xt is
measurable w.r.t the σ-algebra generated by Z0, . . . , Zt´1, Zt. An adapted process is a Gaussian
AR(1) process if it satisfies the recursive equation

X0 “ µ0 ` σZ0 ,

Xt “ c` φXt´1 ` σεZt, t “ 1, 2, . . . ,

with 1 ą σ ą 0 and c P R. Each Xt is a Gaussian random variable in Span pZ0, Z1, . . . , Znq.
The expected value µt “ E pXtq, t ě 0 is defined recursively by

µ0 “ µ0 ,

µt “ c` φµt´1 .

There is a stationary value µ for the mean, namely µ “ c ` φµ if µ “ c{p1 ´ φq. It follows for
all t ě 1 that

pµt ´ µq “ φpµt´1 ´ µq “ ¨ ¨ ¨ “ φtpµ0 ´ µq Ñ 0

as tÑ8. The recursive equations for the centered random variables Xt ´ µt, t ě 0, are

pX0 ´ µ0q “ σZ0 ,

pXt ´ µtq “ φpXt´1 ´ µt´1q ` σεZt, t “ 1, 2, . . .
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Note that the recursive equation are a description of the joint Gaussian distribution through
an affine transformation to white noise:

Z0 “ σ´1pX0 ´ µ0q

Z1 “ σ´1ε ppX1 ´ µ1q ´ φpX0 ´ µ0qq

...

Zt “ σ´1ε ppXt ´ µtq ´ φpXt´1 ´ µt´1qq

or, in matrix form,

»

—

—

–

Z0

Z1

. . .
Zt

fi

ffi

ffi

fl

“

»

—

—

—

–

σ´1 0 0 ¨ ¨ ¨

´φσ´1ε σ´1ε 0 ¨ ¨ ¨
...

¨ ¨ ¨ 0 ´φσ´1ε σ´1ε

fi

ffi

ffi

ffi

fl

»

—

—

—

–

X0 ´ µ0
X1 ´ µ1

...
Xt ´ µt

fi

ffi

ffi

ffi

fl

The variance σ2t “ Var pXtq satisfies the recursive equation

σ20 “ Var pXoq

σ2t “ φ2σ2t´1 ` σ
2
ε

The invariant variance is characterised by σ2 “ φ2σ2 ` σ2ε , that is σ2 “ σ2ε {p1´ φ2q. Note the
convergence σ2t Ñ σ2.

From now on, we assume that the mean and the variance are stationary, as it is always true
in the long run, that is, given σε ą 0, 0 ă φ ă 1, c P R,

X0 “
c

1´ φ
`

d

σ2ε
1´ φ2

Z0 ,

Xt “ c` φXt´1 ` σεZt, t “ 1, 2, . . .

Stationarity of the mean and the variance will be shown to imply the stationarity of all joint
distributions.

1.1. Density. As the affine mapping x0, x1, . . . , xn Ø pz0, z1, . . . , znq is 1-to-1,

»

—

—

—

—

—

–

σε?
1´φ2

Z0

σεZ1

σεZ2
...

σεZt

fi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

–

1 0 0 ¨ ¨ ¨

´φ 1 0 ¨ ¨ ¨

0 ´φ 1 ¨ ¨ ¨
...

¨ ¨ ¨ 0 ´φ 1

fi

ffi

ffi

ffi

ffi

ffi

fl

¨

˚

˚

˚

˝

»

—

—

—

–

x0
x1
...
xt

fi

ffi

ffi

ffi

fl

´
c

1´ φ

»

—

—

—

–

1
1
...
1

fi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‚

,

the Gaussian vector pX0, X1, . . . , Xtq has density

ppx0, x1, . . . , xtq “

ˆ

2π
σ2ε

1´ φ2

˙´ 1
2

exp

˜

´
1´ φ2

2σ2ε

ˆ

xo ´
c

1´ φ

˙2
¸

ˆ

p2πσ2ε q
´n

2 exp

˜

´
1

2σ2ε

t
ÿ

s“1

p´φxs´1 ` xs ´ cq
2

¸
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Note the product form

ppx0, x1, . . . , xtq “

ˆ

2π
σ2ε

1´ φ2

˙´ 1
2

exp

˜

´
1´ φ2

2σ2ε

ˆ

xo ´
c

1´ φ

˙2
¸

ˆ

t
ź

s“1

p2πσ2ε q
´ 1

2 exp

ˆ

´
1

2σ2ε
p´φxs´1 ` xs ´ cq

2

˙

which, in turn, implies the Markov property

pXt|Xt´1pxt|x
t´1q “

pX0,X1,...,Xtpx0, x1, . . . , xtq

pX0,X1,...,Xt´1px0, x1, . . . , xt´1q
“

p2πσ2ε q
´ 1

2 exp

ˆ

´
1

2σ2ε
p´φxt´1 ` xt ´ cq

2

˙

“ pXt|Xt´1
pxt|xt´1q

let us compute the K matrix, that is the matrix of the quadratic form in the density above.
If ys “ xs ´ c{p1´ φq are the centered variables, the quadratic form is

1´ φ2

σ2ε
y20 `

1

σ2ε

t
ÿ

s“1

p´φys´1 ` ysq
2
“

1´ φ2

σ2ε
y20 `

1

σ2ε

t
ÿ

s“1

`

φ2y2s´1 ´ 2φys´1ys ` y
2
s

˘

“

1´ φ2

σ2ε
y20 `

1

σ2ε

˜

t´1
ÿ

s“0

φ2y2s ´
t
ÿ

s“1

2φys´1ys `
t
ÿ

s“1

y2s

¸

“

1

σ2ε

˜

y20 `
t´1
ÿ

s“1

p1` φ2qy2s ` y
2
t ´ 2

t
ÿ

s“1

φys´1ys

¸

,

hence

Kptq “
1

σ2ε

»

—

—

—

–

1 ´φ 0 . . . 0
´φ 1` φ2 ´φ . . . 0

...
0 . . . 0 ´φ 1

fi

ffi

ffi

ffi

fl

.

Note the tri-diagonal form.
Let us compute the covariances Σptq “ Kptq´1. First, for each t “ 1, 2, . . .

Cov pXt, Xt´1q “ φCov pXt´1, Xt´1q ` σε Cov pZt, Xt´1q “ φ
σ2ε

1´ φ2
,

which is constant for each t and, because of that, is called autocovariance at lag 1 Rp1q. The
same holds for each Rpkq “ Cov pXt, Xt´kq. By induction, for k “ 2, 3, . . .

Cov pXt, Xt´kq “ φCov p,Xt´1qXt´k ` σε Cov pZt, Xt´kq “ φRpk ´ 1q

so that Rpkq “ φk σ2
ε

1´φ2
, k “ 0, 1, . . .

1.2. Variance. The variance matrix of the vector pX0, X1, . . . , Xtq is
»

—

—

—

–

Rp0q Rp1q ¨ ¨ ¨ Rptq
Rp1q Rp0q ¨ ¨ ¨ Rpt´ 1q

...
Rptq Rpt´ 1q ¨ ¨ ¨ Rp0q

fi

ffi

ffi

ffi

fl

“
σ2ε

1´ φ2

»

—

—

—

–

φ0 φ1 ¨ ¨ ¨ φt

φ1 φ0 ¨ ¨ ¨ φt´1

...
φt φt´1 ¨ ¨ ¨ φ0

fi

ffi

ffi

ffi

fl

3



For example, we can check

Σp2qKp2q “

σ2ε
1´ φ2

»

–

1 φ1 φ2

φ1 φ0 φ1

φ2 φ1 ¨ ¨ ¨ 1

fi

fl

1

σ2ε

»

–

1 ´φ 0
´φ 1` φ2 ´φ
0 ´φ 1

fi

fl “
1

1´ φ2

»

–

1´ φ2 0 0
0 1´ φ2 0
0 0 1´ φ2

fi

fl

1.3. Markov transition. Let us compute the transitions of the Markov chain. The joint

variance of pXt´1, Xtq is σ2
ε

1´φ2

„

1 φ
φ 1



, the projection is L “ σ2
ε

1´φ2
φ1´φ2

σ2
ε
“ φ, the conditioned

variance is σ2
ε

1´φ2
p1´ φ2q “ σ2ε , the conditional distribution is

Xt|pXt´1 “ xt´1q „ N1

`

c` φxt´1, σ
2
ε

˘

.

Let us redo the computation directly. For any f : RÑ R

E
`

fpXtq
ˇ

ˇXt´1
˘

“ E
`

fpc` φX´1 ` Ztq
ˇ

ˇZt´1
˘

“

ż

fpc` φXt´1 ` zq
1
?

2π
e´

1
2
z2 dz

“

ż

fpyq
1
?

2π
e´

1
2
py´pc`φxqq dy

ˇ

ˇ

ˇ

ˇ

x“Xt´1

.

1.4. Martingales. Define Ft “ σpXtq “ σpZtq. pYtqtě0 is an L2-martingale if Yt “ fpt,X0, . . . , Xtq

and E pYt|Ft´1q “ Yt´1. We have Xt|X
t´1 „ Xt|Xt´1, hence

E
`

fpt,X0, . . . , Xtq
ˇ

ˇXt´1
˘

“ E pfpt, x0, . . . , xt´1, Xtq|Xt´1q|xt´1“Xt´1

“

ż

fpt, xt´1, xtq
1
?

2π
e´

1
2
pxt´pc`φxt´1qq

2
dxt

ˇ

ˇ

ˇ

ˇ

xt´1“Xt´1

“ fpt´ 1, xt´1q
ˇ

ˇ

xt´1“Xt´1

2. Ornstein-Uhlembeck process

From the set of slides Wiener.pdf
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Orstein-Uhlembeck process

Definition
Given a Wiener process W and constant θ, σ > 0, µ ∈ R, the
Ornstein-Uhlembeck process is (X x

t )t≥0 unique strong solution of

dX x
t = θ(µ− X x

t )dt + σdWt , X x
0 = x

1. We focus on the standard case dX x
t = −Xtdt +

√
2Wt , X x

0 = 0,
precisely

X x
t = x −

∫ t

0

Xu du +
√

2Wt , t ≥ 0

2. The unique strong solution is

X x
t = e−tx +

√
2

∫ t

0

e−(t−s) dWs

where the stochastic integral is a Wiener integral.

Proof

1. etX x
t + et

∫ t

0
Xu du = etx +

√
2etWt

2. d
dt

(
et
∫ t

0
Xu du

)
= etx +

√
2etWt

3. et
∫ t

0
Xu du = (et − 1)x +

√
2
∫ t

0
esWs ds

4.
∫ t

0
Xu du = (1− e−t)x +

√
2e−t

∫ t

0
esWs ds

5.

Xt = e−tx −
√

2e−t
∫ t

0

esWs ds +
√

2e−tetWt

= e−tx +
√

2e−t
(
etWt −

∫ t

0

esWs ds

)

= e−tx +
√

2

∫ t

0

e−(t−s) dWs
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Distribution of the OU
• Each X x

t is Gaussian with mean E (X x
t ) = e−tx and variance

Var (X x
t ) = 2E

((∫ t

0

e−(t−s) dWs

)2
)

=

∫ t

0

2e−2(t−s) ds = e−2(t−s)
∣∣∣
s=t

s=0
= 1− e−2t

• For t > s the covariance is

Cov (X x
t ,X

x
s ) = 2E

((∫ t

0

e−(t−u) dWu

)(∫ s

0

e−(s−u) dWu

))

= 2

∫ s

0

e−(t−u)e−(s−u) du

= e−s−t e2u
∣∣u=s

u=0

= e−(t−s) − e−(t+s) = e−2(t−s)(1− e−2s)

• OU (X x
t )t≥0 is a continuous adapted Gaussian process. Note that

σ(X x
s : s ≤ t) = σ(W x

s : s ≤ t).

OU is Markov I

• If s < t
[

X x
s

X x
t

]
∼ N2

([
e−s

e−t

]
x ,

[
1− e−2s e−(t−s)e−2s

e−(t−s)e−2s 1− e−2t

])

hence
X x
t |(X x

s = y) ∼ N1

(
e−(t−s)y , 1− e−2(t−s)

)

so that

E (f (X x
t )|(X x

S = y)) =

∫
f (e−(t−s)y +

√
1− e−2(t−s)z)γ(dz)

• We have X x
t ∼ e−tx +

√
1− e−2tZ , hence we define the family of

operators Pt , t ≥ 0,

(Pt f )(x) = E
(

f (e−tx +
√

1− e−2tZ )
)

=
∫

f (e−tx +
√

1− e−2tz)
1√
2π

e−
1
2 z

2

dz
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OU is Markov II

• Markov property:

E (f (X x
t )|Fs)

= E
(

f (e−tx +
√

2

∫ t

0

e−(t−s) dWs)

∣∣∣∣Fs

)

= E
(

f (e−tx +
√

2

∫ s

0

e−(t−s) dWs +
√

2

∫ t

s

e−(t−s) dWs)

∣∣∣∣Fs

)

=

∫
f (e−tx +

√
2

∫ s

0

e−(t−s) dWs +
√

1− e−2(t−s)z) γ(dz)

=

∫
f (e−(t−s)X x

s +
√

1− e−2(t−s)z) γ(dz)

= (Pt−s f )(X x
s )

• (Pt)t≥0 is a semigroup, Ps ◦ Pt−s = Pt if s ≤ t
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Home work

Read all the texts below, then choose and solve 2 exercises. The paper is due Fri May 29.

Exercise 1. The AR(1) process can be written see Autoregressive model in Wikipedia.

Xt`1 “ Xt ` θpµ´Xtq ` Zt`1, |θ| ă 1

Review all properties in this notation.

Exercise 2. Compute the compensator and the quadratic variation of the AR(1) process.

Exercise 3. Prove that L2r0, 1s Q f ÞÑ
ş1
0 fpsq dWs is an isonormal Gaussian process, [NP]

Section 2.1.

Exercise 4. Let W be a Wiener process.

(1) Find the variance Γptq and the concentration Kptq of finite the dimensional vectors
pWt1 , . . . ,Wtnq, 0 ă t1 ă ¨ ¨ ¨ ă tn, t “ pt1, ¨ ¨ ¨ , tnq.

(2) Show that W is Markov with kernel kpx, yq “ 1
2π
?
t´s

exp
´

´1
2
py´xq2

t´s

¯

.

(3) Show that the processes W , pW 2
t ´ tqtą0, and

´

exp
´

aWt ´
a2

2 t
¯¯

tě0
, a P R, are mar-

tingales.

Collegio Carlo Alberto
E-mail address: giovanni.pistone@carloalberto.org
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